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DYNAMIC RESPONSE OF ATRPILANES TO ATMOSPHERIC TURBULENCE
INCLUDING FLIGHT DATA ON INPUT AND RESPONSE®

By John C. Houbolt, Roy Steiner,
and Kermit G. Pratt
Langley Research Center

SUMMARY

A coordinated account of flight measurements of random atmospheric turbu-
lence input, of calculated and experimentally determined airplane transfer
functions, and of analytical procedures for determining output or airplane
response 1s given based on the concepts of power spectral techniques. Atmos-
pheric turbulence results for several meteorological conditions and altitudes
(including new information from thunderstorms) are described and consideration
is given to the numerical values of the root-mean-square gust velocities and
the turbulence scale parameter. Transfer functions obtained both by calcula-
tion and as deduced from flight tests are compared for rigid and flexible air-
planes at subsonic speeds and for a rigid airplane at supersonic speeds. OSome
of the implications of power spectral techniques for load prediction and for
design are discussed. An outline of the origin and derivation of the correla-
tion and spectral relations used in the paper, the effect of extraneous signals
on determination of the scale of turbulence, and a review of the basic pro-
cedures and mathematics that are involved in the practical applications of
power spectral techniques are given in the appendixes.

INTRODUCTION

This report deals with the science and art of treating the gust loads
problem of airplanes as a random-process phenomenon; subjects included are
(1) the establishment of a realistic and usable description of continuous
atmospheric turbulence by power spectral techniques and (2) the allied treat-
ment of the dynamic response of airplanes to such turbulence. In this cover-
age, analytical techniques and data - past, present, and new - and statistical
inference are considered.

*An earlier version of this paper bearing the title "Flight Data and Con-
siderations of the Dynamic Response of Airplanes to Atmospheric Turbulence"
was presented to the AGARD panels on Structures and Materials and on Flight
Mechanics in Paris, July 1962.



Much information on gust problems has been generated over the past decade,
as is attested by the first three sections of the bibliography. It is now
appropriate to ask, "Where do we stand today in our ability to predict gust
loads, particularly with power spectral techniques?" and "Where does one begin?"
Therefore, in addition to presenting new data and information, the purpose of
this report is twofold - first, to examine the present state of the art and to
indicate what data are available, and second, to determine a starting point for
the selection of appropriate procedures and techniques applicable to the gust
loads problem.

The development of the present report is essentially as follows: Data on
and analytical representation of the turbulence in the atmosphere are first
given, including results of recent flights through cumulus clouds and thunder-
storms for both subsonic and supersonic flight. Next the means for determining
the airplane transfer function are considered, both analytically and by flight
experimentation methods. A comparison of recent results is given for a sub-
sonic and a supersonic case. Then several suggestions are outlined for the
possibility of establishing the gust design of airplanes by power spectral
techniques. The body of the paper is concluded with a listing of the main
elements which deserve further consideration. A list of principal symbols is
presented in appendix A. In appendixes B to E details of the mathematical
derivations are given and the mathematical representation and analytical pro-
cedures involved in the application of power spectral techniques are reviewed.
Analog equipment for analyzing random functions is described in appendix F.

EVOLUTION OF GUST DESIGN

This résumé of the evolution of gust design is restricted to developments
within the United States, but it should be kept in mind that significant con-
tributions have also been made in the past 30 years by investigators in several
countries. ‘

The early design for gusts was based on a discrete-gust approach involving
the concept of a rigid airplane and a ramp-type gust with a gradient distance
of 10 chords and specified maximum vertical velocity. A somewhat arbitrary
alleviation curve was used to attempt to adjust for differences in such factors
as wing chord and pitching effects; although improper in a rigorous sense, 1t
was expressed in terms of the convenient design parameter W/S, the wing
loading. This alleviation curve, when used in the gust-load formula, gave
results which were, in effect, the same as if the airplane had encountered a
step-type gust of less magnitude than the maximum design velocity used in the
ramp gust; hence, the concept of "sharp-edge gust encounter" frequently
mentioned.

Later the design procedure was changed so that the alleviation curve was
expressed in terms of the more fundamental and less restrictive parameter ,
the mass ratio. (For small business or pleasure types of airplanes, however,
the wing-loading parameter is still used.) Also considered was the shape of
the discrete gust - whether it should be a triangular type, sine type, or
1 - cosine type - and many arguments ensued over what shape was the "proper"
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one to use. The shape adopted was a compromise, the 1 - cosine type with a
gradient distance of 12.5 chords.

It should be recognized that the use of the discrete-gust concept is, in
principle, a convenient and simple way of relating the accelerations experi-
enced by one airplane to those which are likely to be experienced by another,
and further implies that the relative loads for single isolated gusts are a
measure of the relative loads in a sequence of gusts. This concept seems jus-
tifiable if different aircraft have essentially the same response character-
istics and are used in roughly the same manner. Indeed, the concept has been
a useful and simple one through the past years.

As alrplanes began to change markedly in their configuration and response
characteristics - as sweep was introduced, as the airplanes became more flexible
and the distributions of their masses differed, as speeds and altitudes of
operation changed -~ a more general approach was needed. Hence the power
spectral techniques of generalized harmonic analysis were introduced. The
pioneers of the applications of these techniques are, in particular, Harry
Press, G. C. Clementson, Norbert Wiener, S. O. Rice, and J. W. Tukey. Refer-
ences 1 and 2 summarize some of the earlier applications to airplane dynamics.

As these spectral techniques were being developed for airplane applica-
tion, however, much work was also done in attempting to extend the application
of the discrete-gust concept from rigid bodies to flexible bodies. In this
flexible-body approach, the attempt is to include dynamic-response effects by
mathematically flying the flexible airplane through discrete gusts of varying
wavelengths. (See, for example, ref. 3.) Rough indications of amplification
or overshoot effects are obtained in this way, but serious deficiencies exist,
such as the inherent insbility to take into account the continuocus nature of
atmospheric turbulence, particularly in the case of lightly damped systems.
Design for gusts, nevertheless, had to rely on this approach for several years
until the power spectral approach was developed to a usable point. At present,
design philosophy makes use of both the discrete gust and the spectral approach.
Essentially, the design is first established on the basis of a discrete-gust
analysis. It is then examined or checked in greater detail by means of a power
spectral approach, and comparisons may be made with results for an older or
proven airplane. As the spectral approach becomes further developed, it may
replace the discrete-gust concepts altogether.

The main assets offered by the power spectral approach are as follows:

1. Tt allows for a more realistic representation of the continuous nature
of atmospheric turbulence.

2. It allows airplane configurations and response characteristics to be
taken into account in a rational manner.

3. It allows more rational consideration of design and operstional varia-
tions such as configuration changes, mission changes, and airplane degrees of
freedom.



Since application and tests of these techniques are relatively recent, not all
the ramifications and aspects are known. It is significant and encouraging,
however, to note that agreement between calculation and experiment on the whole
has been good.

DESCRIPTION OF ATMOSPHERTIC TURBULENCE

The nature of atmospheric turbulence in terms of power spectral repre-
sentation is discussed in this section. First, the relations required to
obtain time histories of the components of "true gust velocities" from flight
measurements are presented with some considerations of the flight instrumenta-
tion requirements. The term "true gust velocity" is used herein to denote the
actual velocity of the air particles as distinguished from an egquivalent veloc-
ity that has been used in discrete-gust studies. The description of the atmos-
pheric turbulence consists of a review of available spectra for low-altitude
(less than 5,000 feet) clear-air turbulence and, in addition, the presentation
of new spectra for more severe turbulence recently measured in cumulus clouds
and thunderstorms to altitudes of 40,000 feet. Analytical representation of
these spectra is considered in some detail.

Method of Evaluation

The basic measurement for the description of the atmospheric turbulence
by power-spectral-density techniques is the angle of attack or angle of side-
slip measured by flow vanes or differential-pressure probes on booms ahead of
the airplane. The flow angles are corrected for effects of alrplane motions
to provide a continuous time history of the components of true gust velocity.
The vertical component of true gust velocity is given by

wg=VOLV—V6+faZ at + 146 (1)
the lateral component by
Vg = -VBy - V¥ + I + ;/ﬂ(ay + gp)dt + 179 (2)
and the longitudinal component by
ug = (V- V) - f(ax - g0)dt (3)

(Primary symbols are defined in appendix A; V is the mean value of the air-
speed.) Equations (1) to (3) are based on the following assumptions:



1. All disturbances are small enough to allow use of the angle in radians
in place of the sine of the angle.

2. Boom flexure is negligible.

3. Effects of variation in upwash on vane indications are negligible or
are allowed for by calibration.

The measurements are normally taken as increments from the mean values for the
entire record. The actual evaluation procedures to obtain the time history of
the vertical component of gust velocities are, for example, given by

wg = Vay - Gy) - V(o - §) + fot(az - ayat + s - 8) (1)

where the bar denotes the average value for the record length being evaluated
(see ref. 4). This evaluation yields a time history of a component of the true
gust velocity in continuous turbulence at equally spaced time intervals, say
0.05 second. The reading interval e depends on ailrplane speed and the highest
frequency to be evaluated and is given by the relation ¢ = ﬂ/Vﬂo, where

o = 0.1 1is representative of the highest spatial frequency of concern in
turbulence investigations (see appendix D).

The time history is then analyzed to determine the power spectrum of tur-
bulence. This analysis, as shown in appendix E, consists generally of pre-
whitening, estimating values of the autocovariance function, obtaining raw
estimates of power, smoothing the estimates of the power, and postdarkering
these to obtain the final estimates of the power spectrum.

Instrumentation

An airplane is usually used as the platform for transporting the instrumen-
tation for measuring the three components of gust veloecity. If all three com-
ponents are to be evaluated, the instrumentation must furnish measurements to
satisfy all the terms in equations (1) to (3). If the term cannot be measured
directly, then a quantity is measured from which the desired quantity may be
calculated. For example, the vertical acceleration can be integrated to obtain
the vertical velocity of the airplane.

The instrumentation used in several flight investigations has provided
measurements of dynamic pressure, static pressure, temperature, three components
of linear acceleration, three attitudes (pitch, roll, and yaw), three angular
rates (pitch velocity, etc.), and the angle of attack and angle of sideslip
from flow vanes or differential pressure probes. Care is required to obtain
the greatest possible accuracy in the measured quantities and to reduce the
time lag between the measured quantities. These factors become increasingly
important if low-intensity turbulence is being surveyed or long wavelengths are
to be measured. In some cases it may become necessary to use a stable platform
to obtain the measurements of the attitudes and attitude rates of the airplane.



In the investigation of high-intensity turbulence the accuracy may not be as
critical, since the errors become a smaller proportion of the measured
quantities. '

The boom should be long enough to place the angle-of-attack and sideslip
sensor ahead of the disturbed airflow around the airplane. A practical length
of approximately 1.5 fuselage diameters 1is normally used, which reduces the
effect of steady-state upwash to approximately 5 percent. The boom should
have a natural frequency above the highest frequency of gust velocity to be
evaluated; specifically, the angular frequency should be greater than VQg,

where Qg =~ 0.1 as stated earlier. Also, the natural frequency should not
be in the same range as the natural frequency of the sensor.

Evaluated Turbulence Spectra

Considerable effort has been expended in the past several years on the
development of the techniques of measuring atmospheric turbulence and the
application of power spectral techniques to the description of turbulence and
to the response studies of aircraft. The early investigations were generally
made in the more prevalent turbulence of clear air at low altitudes (below
5,000 feet) and sufficient spectra were obtained to indicate the practical com-
pliance of turbulence in clear air with the properties of a stationary random

Gaussian process (ref. 5). These
data and additional new spectra
for turbulence in cumulus clouds

10, 000 and severe storms are reviewed.

I

Turbulence in clear air.-
Several representative power-
spectral-density curves for the
vertical components of true gust
velocities measured in clear air

1,000 —

100~ at an altitude of approximately
POWER SPECTRAL DENSITY, 5,000 feet are given in figure 1.
6@ (FT/SEC)? In this and other figures the
" RADIANS/FT power spectral density in (ft/sec)2
10+ per radians/ft is plotted against

the reduced frequency in
radians/ft with an auxiliary scale
1L of wavelengths in feet. The data
L cover a range of wavelengths of
approximately 10 to 5,000 feet.

L1 L. L | For this range the spectra show a
A 10,000 000 100 10

L : .
WAVELENGHT, A, FT L characteristic rapid decrease in
1 | . .
- 001 ol — 1o Ppower with increasing frequency,
REDUCED FREQUENCY, £, RADIANS/FT and the rates of power decrease

) are similar for the various spectra
Figure 1.- Power spectr:?. of the v<?rtlcal comp?- The heights of the spectra are a
nents of turbulence in clear alr at an alti- . N
tude of approximately 5,000 feet. measure of the intensity of the
turbulence; thus, the intensity of
the turbulent samples varies over



an appreciable range. More definitely, the root-mean-square gust velocity
defined as the square root of the area under the portion of the spectrum
evaluated, and herein designated o7, is often given as a measure of the inten-

sity of the turbulence. For an average spectrum in figure 1 this truncated rms
gust velocity is about 3 ft/sec. The actual rms value oy, which is associated
with the area under the complete spectra, may be 2 to 2.5 times as large, as
will be discussed subsequently.

Other spectra (at least 100) from flights in clear-air turbulence at
lower altitudes (200 to 1,000 feet) are given in reference 6. However, the
method of evaluation for these spectra differs significantly in certain details
from that for the spectra presented hereln, and therefore direct comparison is
not made.

Turbulence in cumulus clouds.- In 1959 an instrumented F-86 jet airplane
was used to measure turbulence in cumulus clouds at altitudes of about
15,000 feet near Langley Field, Virginia. Typical power-spectral-density
curves for the vertical, longitudinal, and lateral components of gust veloc-
ities measured during two traverses are shown in figure 2.

The wg, or vertical velocity, spectra are similar to the spectra of clear-

air turbulence (fig. 1) with respect to the decrease in power with frequency
and the variation in intensity for different traverses. As expected, the inten-
sity of turbulence is greater than for clear air, as indicated by the range of
truncated rms values of 3.4 to 9.2 feet per second for nine traverses through
cumulus clouds (spectra for seven
additional traverses are not shown).

From the theory of isotropic
turbulence and use of airplane
TRAVERSE COMPONENT o FI/SEC flight measurements to define the

V,A_lﬁ turbulence, the lateral vg and

10,000 - Uy 549 vertical Wg components should

100,000 -

——s6 have similar spectra while the lon-
——a5 gitudinal wug spectra should be

different but similar in shape
(appendix B and ref. 5). The lon-
gitudinal spectra should be above
the lateral or vertical spectra by
a factor of 2 in the range near zero
frequency and below by a factor of
3/4 at the higher frequencies. Fig-
TR n ure 2 roughly substantiates the sit-

L0 , WAVELENGTH, A, FT . uation at the higher frequencies.
0001 .001 01 .10 1.0

REDUCED FREQUENCY, &, RADIANS/FT

1,000 -
POWER SPECTRAL DENSITY,

2
{FTISEC)
(D), RRDIANSIFT

100 -

Turbulence in thunderstorms.-
Figure 2.- Spectra of three components of gust More recently, Jet alrplanes ha‘ve_
velocity in cumulus clouds. been used to obtain measurements in
the severe turbulence in thunder-
storms to altitudes of 40,000 feet
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100,000 TRAVERSE o FT/SEC

16.02
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7.46
13.38
8.57

T

10,000

POWER SPECTRAL DENSITY,

2 1,000
(FT/SEC) ’
D@, zaprANSFT

100

| 1 |
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WAVE LENGTH, X, FT

[
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1 1 1 | 1 1 1 |
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(a) Vertical components.

1,000,000
TRAVERSE "oy, FT/SEC

15.3%
12.14
9.00
13.17
8.84

100,000

10,000

POWER SPECTRAL DENSITY,

2
(FTISEC)
D(Q). rADIANSTFT

1,000

100 |- ‘Mm

L 1 | I
10,000 5,000 1,000 500 100 50 10
WAVE LENGTH, X, FT
1

10 ] '
.0001 .001 .01 .10 10

REDUCED FREQUENCY, £, RADIANS/FT

(b) Lateral components.

Figure 3.- Comparison of power spectra of turbulence measured
in successive traverses of a thunderstorm at an altitude
of approximately 40,000 feet.

over the southwest United
States. A T-33 airplane
was used in the spring of
1960 and an F-106 air-
plane flown at low super-
sonic speeds was used in
the spring of 1961. The
spectra of the vertical
and lateral components of
gust velocity are shown
in figure 3 for five
traverses of the T-33 air-
plane through one storm
at 40,000 feet. (The lon-
gitudinal spectra were

not obtained because water
from the cloud collected
in the pitot head in suf-
ficient quantity to dampen
the high-frequency air-
speed fluctuations.)

A comparison of fig-
ures 3(a) and 3(b) indi-
cates that the vertical
and lateral components
are similar in shape and
intensity; this comparison
is shown more clearly in
figure 3(c). The inten~
sity of the turbulence
indicated by the truncated
rms gust velocities for
some 15 traverses ranged
from 6.1 to 16.0 ft/sec.

Comparison of spectra
for different weather

conditions.- Typical

spectra for clear air,
cumulus clouds, and thun-
derstorms are compared in
figure 4. These spectra
show two general features:
The similarity of the
slopes of the spectra,
and the variation in the
intensity of turbulence
with weather conditions
as indicated by the rela-
tive heights of the
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(c) Thunderstorm traverses 3 and L.

Figure 3.~ Concluded.

curves. Many samples for each weather condition would yield overlapping bands
of spectra. (See figs. 1 to 3.) Thus, it appears that a composite picture
made up from measured spectra for all types of turbulence would cover a con-
tinuous band of intensities having associated truncated rms values of turbu-
lence velocities ranging from near zero to as much as 16 ft/sec.

Turbulence Characteristics

The practical compliance of severe atmospheric turbulence with the proper-
ties of a stationary random Gaussian process 1s examined in this section.
The property of isotropy has been suggested in figure 2 and will be discussed
further in a subsequent section.

Stationarity and homogeneity of severe turbulence.- The properties of
stationarity and homogeneity of a random process specify an invariance in the
statistical characteristics of turbulence with respect to the position along
the time history where the sampling interval is taken, the positioning in the
turbulence, and the direction through the turbulence. Inasmuch as the intensity
of the turbulence is dependent upon the weather conditions, which are known to
change with time, these properties can apply only in a very limited sense. For
large-scale patterns of air motion the stationarity and homogeneity conditions
might be expected to apply within regions of perhaps 100 miles and time dura-
tions of perhaps an hour. In the case of severe turbulence, such as that
encountered in thunderstorms, these distances and times would not be expected
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Figure 5.~ Variation of turbulence
intensity and cloud diameter with
time at an altitude of 40,000 feet.

.of growth and smaller rms values

to apply; some available data that have a
bearing on these factors are presented.

In figure 5 are given the root-mean-
square values of the vertical component of
gust velocity and the cloud diameter as
determined from five surveys through a
storm during an elapsed time of approxi-
mately 35 minutes, where all traverses were
made at the same altitude. The cloud grew
rapidly in size during two periods and it
may be noted that the intensity of turbu-
lence varied, having relatively high rms
values (14t to 15 ft/sec) during t?e periods
9 to
10 ft/sec) during periods of little growth.
From these data it appears that the time
duration for homogeneous and stationary con-
ditions may be about 5 minutes. Of course,
the spatial region for these conditions
would be limited to the approximate size of

the storm - in this case, about 21 miles.

In figure 6, a comparison is given of the power spectra of vertical gust
velocity obtained from the two successive half-sections of traverse 4 through

the storm; the spectra for the complete traverse are given in figure 3(a).

individual spectra
covered approximately

12 miles, or 100 seconds
of time. The two spectra
agree in general form,
considering that differ-
ences in both time and
space are involved.

Thus, there appears to be
some degree of stationar-
ity and homogeneity pres-
ent even in severe storm
turbulence.

Gaussian test of
severe turbulence.- For
the turbulence to be
Gaussian, the fluctua-
tions of the turbulence
must have a normal prob-
ability distribution. In
the past, it has been
customary to consider
that if a component of
the turbulence - the
vertical component, for

1,000,000

100,000

10,000

POWER SPECTRAL DENSITY,

2
(FT/SEC)
D@, FapTANSTET

1,000

100

10

The
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L { | 1 | 1 ]
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1

.0001
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REDUCED FREQUENCY, & , RADIANS/FT

Figure 6.- Comparison of power spectra of vertical component
of turbulence for two parts of thunderstorm (traverse 4).
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instance - has a normal distribution, then for practical purposes normality of
the turbulence is indicated (ignoring higher order Gaussian tests).

The test for traverse 4
9999 — through a thunderstorm is
shown in figure 7. The fig-
ure presents the cumulative
frequency distribution of the
O MEASURED DISTRIBUTION vertical component of gust

—— FITIED NORMAL DISTRIBUTION, ~ Velocity wg, plotted on prob-

o, 32.33 FTISEC ‘e :
(o, - 1338 FT/SEC) ability paper. The paper is

scaled so as to yield a
straight line for a normal dis-
tribution. The data shown were
obtained from a 200-second

\ traverse read each l/lO second
% (a total of 2,000 points). A

999

.99

PROBABILITY 50
OF EXCEEDING  ~

T

el A fitted normal distribution is
i . .
T T ey S R also shown fox comparison with
VERTICAL COMPONENT OF GUST VELOCITY, w,, FI/SEC the measured distribution. It
can be seen that the fitted
Figure T7.- Probability of equaling or exceeding curve approx:.mates the meas-
given values of vertical gust veloclty for ured distribution quite well
thunderstorm (traverse 4). except at the large positive

values. Therefore, for many
practical purposes, a Gaussian assumption appears reasonable. (Even the meas-
ured distributions for clear-air turbulence depart slightly from a straight
line at large values of wg.) '

Spectral Shape and Analytical Representation

Several analytical representations of turbulence spectra have been used
in the past in connection with wind-tunnel turbulence studies. (See refs. 7
and 8.) Two of these representations are considered here for application to
atmospheric turbulence. One is a representation due to Von KArman which seems
to have been overlooked in recent years; the other is an often-quoted case
which was selected for convenience several years ago as being representative of
atmospheric turbulence.

Analytical representation.- The autocorrelation and associated spectrum
functions that were considered with respect to their appropriateness as analyt-
ical representations of atmospheric turbulence are as follows (see appendix B
for their development):

Case I (isotropic turbulence),

2/3 r / I r T
e e ) Tl - Hegmenlctm)] @
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2/3
where the numerical factor 2 T is equal to 0.59253.
I\ — .
(3}

o.2n 1+ 2(1.33910)°

Q) = X 6
e , 7 (6)
1 + (1.33000)%]
Case II (has been used for fitting wind-tunnel turbulence data),
R() = 21 - Z)e/" (7)
w 2L
2
o..“L + 262
b, (0) = 2— L1203 (8)
i 5 o 2
'(l + Q7L )
where
UW2 mean-square value of vertical (or lateral) turbulence velocity
L "scale" of the turbulence L = I, = 2L,; (as shown in appendix B)
r correlation distance Vr, where 7T 1is the time shift on a time-
history basis
Q spatial frequency defined by 2x/A, where A is the wavelength of

a sinusoidal component

These equations are plotted in
Lo figures 8 and 9. It may be noted
that for Case I the spectra

vary in proportion to 0'5/5
CASE 1 at the high frequencies, whereas
CASE IT for Case II they vary in pro-

RIrL) portion to Q2. A question of

concern is which of these two

representations best fits the data.
20 2.49 In order to attempt to answer this

— ///” question, the evaluation of the

two parameters oy and L must

P 1 L 1 ! | I ! | be considered.
0 4 .8 1.2 16 2.0 2.4 2.8 3.2

I .
f Evaluation of rms values.-

Two different values of rms are
useful, as will be seen. The one

Figure 8.- Analytical autocorrelation functions.
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Figure 9.- Analytical representation of atmospheric turbulence spectra.

most commonly quoted for atmospheric turbulence, as has been done in the pre-
vious section dealing with the description of the turbulence, is o3, the

square root of the area under the measured spectra; that is, the truncated
values obtained as the square root of the area contained between the low- and
high-frequency values of the spectral estimates (as obtained by numerical
integration).

The other and more significant value is oy, the square root of the total

area under the complete spectrum (value required in analytical representation);
this is given also as the square root of the initial value of the autocovariance
function of vertical gust velocity (correlation function associlated with ver-
tical velocity record having zero mean). That is,

R(0) = o,°

1k



Evalustion of L.- Several methods associated with the autocorrelstion
function or with the power spectrum are avallable for determining the numerical
value of L.

From autocorrelation function:

The first method to be considered makes use of the autocorrelation func-
tion. It is known that (see, e.g., table I)

o(0) '_':'2? foo R(r)dr

0

and for either equation (6) or (8), Case I or Case IIL, it is also true that
2
oy L
®(0) = ——
(0) = 2

These equations lead automatically to the relation

_ * R(r) r = * R(7)
L—EL R(O)d —QVJ; o) ar (9)

since ng = R(0) and r = Vr.

It is interesting to note that other analytically exact methods for
determining I from the autocorrelation functions are possible and useful;
two such methods are mentioned. One involves the location at which the correla-
tion function crosses zero; the other is an alteration of equation (9) involving
the area under the normalized correlation function out to a specific value of r
instead of to infinity. Specific relations are:

For Case I,

L = 0.402rq (10)
L = 0.746r, = 2 frl R(r) 4, (11)

Jo R(O)

For Case I1I,
L = 0.5r¢ (12)
L
_ R(r)

L =2 L O] ar (13)
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where 7re designates the value of r at which the correlation function
crosses zero. From a graphical viewpoint ry in equation (ll) is such that

twice the area under the normalized function up to r} equals O.7h6rl, a

product which can be shown to equal L, whereas in equation (13), L 1is such
that twice the area under the function up to L equals L. In general, to use
equations (10) and (12) the correlation functions, equation (5) or (7), must be
fitted to the data, either by a rough visual technique or more accurately by a
least-square process, from which re then follows. Equations (11) and (13)
are to be preferred since they can be applied directly to the correlation data.

From spectrum values:

Evaluation of L may also be made by consideration of the truncated and
total rms values and the analytical representations of spectrum shape as fol-
lows. Consider the straight-line portion of the spectra shown in figures 9(a)
and 9(b); from equations (6) and (8) good approximations to the spectrum in the
high-frequency range are for Case I,

5,2

and for Case II,

2
30, 1
po EEE (15)

®W(Q) =

Integration of these equations from {7 to g, the lowest frequency and high-

est frequency of the measured spectrum, gives the truncated value of mean-
square gust velocity for Case I,

2
0.2 = 0.782 T 1_ .2
1 e Ql2/5 Q02/5

and for Case II,
2

g2 2% (1 1
1 T T Ql QO

Solution of these equations for 1L leads to the following relations which
allow a direct calculation of the scale in terms of the two rms values of
vertical gust velocity:

Case I,

3

L = o.692<$ﬂ>
o1

3/2
< S ) (16a)
2 /3 2 /3
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which reduces simply to

5
L = o.692<§§) éz (16b)

when very little power exists beneath the spectrum beyond qp. For Case II,

29 : 1 1
L = <) [= ~ = (17a)
“ <C’l> <Ql QO>
which reduces simply to
2

3(0%) 1

L ==—=| =— 1
n<gl o (170)

Equations (16b) and (17b) yield results with errors arbitrarily selected as
5 percent or less as long as Ql/ﬂo < 0.001 for equation (16b) and

Ql/QO < 0.02 for equation (17b).

The value of I for the vertical gust velocity for traverse 4 through a
thunderstorm (see fig. 3(c)) was obtained from these relations. For these data
oy = 32.33 ft/sec, and oy = 13.38 ft/sec for the freguency range of
Q1 = 0.0016 radian/ft to Qg = 0.096 radian/ft. The values of L are as
follows:

L, feet
Case I Case IT
Spectrum:
With Qg = 0.096 (egs. (16a) and (17a)) .« . . . . . . - . 5,550 3,430
With Qg = » (egs. (16b) and (170)) . . . . . . . . . . . 6,120 3,490
Autocorrelation: (egs. (11) and 13)) . . . . « « « . . . . 5,720 4,750

Fitting of spectrum curve.- Values of oy = 32.33 ft/sec and
L = 5,600 feet for Case I and L = 3,400 and 4,800 feet for Case I were used
to fit the respective spectra to the measured spectra for traverse 4 through a
thunderstorm. Spectrum results are shown in figure 10; autocorrelation func-
tions based on the value of L = 5,600 feet for Case I and 3,400 and 4,800 feet
for Case II are shown in figure 11. Case I provides an excellent fit of the
data for both the autocorrelation function and the spectrum. By comparison
Case II does not fit very well and there is a conflict as to what value of L
should be used; a value of I = 3,400 feet seems to fit the spectrum data best
(and if Case I had not been considered, the fit would probably be judged reason-
ably good) but does not lead to a good correlation function fit, whereas for
L = 4,800 feet the situation is just the reverse.

1T
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Figure 10.~ Measured and fitted spectra for thunderstorm.
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It is concluded,
therefore, that the ana-
lytical representation
based on the theory of
isotropic turbulence
(Case I) best fits these
data. In addition, it is
indicated that L is
fairly large, apparently
of the order of
5,000 feet.

As additional evi-
dence that the scale is
of the order indicated,
recourse 1s made to the
spectral data that were
obtained from the F-106
tests. For several cases
these data extend to fre-
quencies lower than those
just presented (down to
Q = 0.000k5, or A up to
14,000 feet), and even so,
no flattening of the
spectrum was apparent.
From figure 9(a) it may
be seen that the scale
must be large to fulfill
this condition of no flat-
tening. Similarly, the
spectrum of clear-air
turbulence given in refer-
ence 9 did not indicate a
flattening of the spectrum
at a frequency of
Q = 0.0005. Again, the
scale must be large to
fulfill this condition of
no flattening.

A reexamination was
made of some clear-air
turbulence data (ref. 4)
by the procedures out-
lined herein (egs. (9)
to (13) and (16a) to
(17b)), where the appro-
priate numerical values
were available. These
data yilelded values of L



of approximately 3,000 to
6,000 feet for the different
runs and methods of evaluation.

A simple means of fitting
the analytical representation
to the measured spectrum for
the higher frequencies is
derivable; L from equa-
tions (16b) and (17b) is sub-
stituted into equations (1k)
and (15), respectively, to
yield for Case I,

@(Ql) =

Figure 11.- Measured and Titted autocorrelation functions.

a°
N (18)

N[O

and for Case II,

Thus, a spectrum curve is easily fitted by evaluating ®(Ql> from equation (18)
and then passing a 9'5/5 line through the point <Q=Ql, ®=®(Ql)>. For equa-
‘tion (19) a 02 1line is used.

Statistical description of atmospheric turbulence.- Although the foregoing
material implies that the spectral shape of the atmospheric turbulence is sim-
jilar for wide ranges of weather conditions, for application of this information
additional statistical parameters must be known, such as the probability of
occurrence of turbulence of various intensities. Recourse has been made 1O the
large mass of airplane response data collected over many years during routine
airline operations to provide information of this type on the description of the
atmosphere. References 10 to 12 are examples of such studies. Since such
results are of interest from a loads prediction standpoint, they are discussed
subsequently in the section entitled "Prediction of Gusts Based on Spectral
Techniques."

RESPONSE OF ATRPLANES TO RANDOM ATMOSPHERIC TURBULENCE

Tn this section the dynamic response of the aircraft structure to atmos-
pheric turbulence is considered. Basic in this consideration is the input-
output relation which relates the input and output power spectra through the
frequency-response function for the response quantity under consideration, such
as acceleration or wing bending strain (see appendix D and table IT). The
frequency-response function, which is defined as the response due to a unit
sinusoidal gust of varying frequencies, is thus the mechanism by which the
various degrees of freedom of the airplane become reflected in the output
response. In general, the desire 1s to use the power spectrum of input and the
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frequency-response function to establish the power spectrum of the output;
from this power spectrum statistical properties of the output time history are
then deduced without actually evaluating the time history.

On the other hand, it is sometimes desired to measure the input and output
spectra and to deduce the frequency-response function so as to assess the degree
of complexity to which the airplane structure must be represented to make
response calculations.

The basic spectral relations, the frequency responses, the associated equa-

tions of motion, and results of frequency-response calculations are presented
in this section together with comparisons with flight-test results.

Basic Relations
The basic relations between the spectra of atmospheric turbulence and the
spectra of airplane responses such as motions, deformations, and loads are as
follows (see ref. 13):

General relation.-

+ 2Re <®12E1H2 + @ gHHg b oo o+ Opsloiy . ) (20)

where

oy = Oy(w) power spectrum of airplane response quantity ¥y

®ij = @i-(w) cross spectrum of turbulence velocities at center of the ith
J . .
and jth segmented areas of the airplane

Hy = Hi(w) frequency-response function of y due to a unit sinusoidal
gust velocity over the segment of the surface associated with
the ith point

Hi = Hy(w) complex conjugate of H;i or Hi(w) = Hi(-w)

Re denotes the real part

The preceding equation is general within linear theory; for airplane
response applications it reduces to a simpler form, depending on whether the
assumed turbulence model is two-dimensional (nonuniform gust variation across
the span) or one-dimensional (uniform gust velocities spanwise).

Relations for two-dimensional isotropic turbulence.- Earlier results, as
well as the results presented in the preceding section, indicate that atmos-
pheric turbulence may be considered to be locally isotropic. For this situa-
tion the following spectral relations apply:
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and so on. Correlation of turbulence velocities for this case is independent
of orientation and depends only on the distance between points.

With these relations, equation (20) becomes

— — o —
12 (=
(Dy = @ll HlHl + HZHE + . . .t 2Re[q;i-z<HlH2 + HEHB + . . -)
@ o -
13 (= = 1n(z =
+ q:[(HlHB + 2-;4 + . . o) + e o o + E(HlHn + H2Hn+l + . . .ﬂ (21)

Relations for one-dimensional isotropic turbulence.- When the scale of the
turbulence is large, as results indicate it to be for atmospheric turbulence,
some of the more significant airplane loads problems can be treated in an even
simpler manner by considering that the turbulence veloclties vary randomly in
the direction of flight but are uniform along the span; for this model, ‘

where @&, denotes the power spectrum of the vertical gust velocities. Sub-

stitution of these relations into equation (21) leads to the significant input-
output relation

2 (w) = Oy(w)|H(w) ,2 (22)
where

H=H +Hy+ .. .+Hy (23)

Alternate equations based on the same model (ref. 13), involving cross
spectra, are

@wy(w) = H(w) &y (w) (24)

q)y((l)) = H(w)@yw(w) (25)
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where wa is the cross spectrum between the one-dimensional turbulence W
and the response 1y, and @Yw(w) = @wy(—w). Additional information concerning
these relations is given in appendix D.

Equation (22) provides a direct relation between the turbulence and the
response spectra in terms of the square of the amplitude of the frequency-
response function; phase information is not involved. Equations (24) and (25),
on the other hand, retain phase information. This fact is particularly useful
for determination of complete frequency-response functions from experimental
data.

Frequency-Response Functions

In a general sense, the frequency-response functions which appear in the
preceding equations would include the effects of all components of the airplane
motion - all rigid-body motions and structural deformation. For practical
response calculations, however, it is customary to treat the longitudinal and
lateral motions separately (at least for conventional airplane configurations).
Sinusoidal gust velocities are applied to the aerodynamic surfaces appropriate
to the mode of motion being considered; that is, the wing and horizontal-tail
surfaces for longitudinal motion and the wing and vertical-tail surfaces for
lateral motion.

Usually, the most significant loads due to turbulence arise from the
response in the longitudinal modes of motion. Therefore, more attention is
given to this motion in the following discussion. The equations of motion
employed are those which follow from a linearized treatment involving small
perturbations about an otherwise steady flight. The treatment assumes a one-
dimensional vertical-velocity turbulence field; that is, the velocities are
uniform in the spanwise direction. (See refs. 13 and 14 for two-dimensional
turbulence application that would be required 1f the scale of turbulence is
small.) Degrees of freedom of the alrplane include pitch, vertical motions,
and those representing flexible-body deformations.

Generally, the equations of motion are conveniently formulated either by
a modal approach involving the use of Lagrange's dynamical equation or by a
lumped-parameter method which is based on structural influence functions. For
an airplane which can be considered rigid, classical dynamic-stability equa-
tions with gust forces added are also suitable. In the modal approach the
elastic deformations are described by a series of modal functions, usually but
not necessarily possessing orthogonal properties. The lumped-parameter method
generally involves a relatively large number of degrees of freedom compared
with the modal approach.

The modal approach is reviewed briefly here. Let the motion of the air-
plane be expressed by the equation

2(6,7,8) = a1 (8)2y(x,¥) + ap(t)za(iy) + ax(t)zs(my) + . . . (26)
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n

or | z(x,y,t) = j{j ai(t)z1(x,vy)
i=1

where i =1, 2, 3, . . . n and where the ay's are generalized coordinates and

the 1zi's are modal shapes including rigid-body modes; for example, 2z; =1
and 2zp = X represent the rigid modes, while 2z, 2, . . . 2zp are the mode

shapes of the flexible modes. When the flexible modes are chosen to be the
natural modes of vibration of the free-free airplane, the Lagrangian formula-
tion yields the following equations of motion:

Mi#; +w;May =Q (L=121,2,3 .. .n) (27)

generalized mass where dm is differential mass

o=
C\‘U
*é?

w4 natural freguency of the ith mode

Q1 = L‘[‘\/“p(x,y)zi(x,y)dx dy generalized force in which p 1s the aero-
dynamic pressure acting on the airframe due
to motion and impressed gust velocities

For sinusoidal motions, let

z = Zoeimt
ai = ai’ Oeiwt
Qi = Qi,oeﬂbt
p = poei‘“t
Equations (26) and (27) then yield
20 = 81 0% + 8, 0% Ay 0%z + ... (28)

o2 2 -
M1<<Di - @ )ai,O = 9,0

1]

J:[ po(X)Y)Zj_(X:y)dX dy (i =1, 2, 3, . . . n) (29)
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Aerodynamic forces.- The generalized aerodynamic forces Qi,0 may be cal-
culated from the nonsteady surface pressures Ppp as obtained by several methods
such as a strip theory, quasi-steady or nonsteady lifting-line or surface
theory. These methods differ in complexity and the choice will depend on the
particular application. 1In the nonsteady lifting-surface theory, one of the
most advanced methods, the pressure pp 1s related to the downwash on the aero-

dynamic surfaces by the following linear equation:

Wo(x)y;k) = élj:E ﬂ pO(X,y,k)K(X—é,y—ﬂ;k,M)dg dn (30)

where sinusoidal motion is implied and

w0 local downwash

A airspeed

q dynamic pressure

X kernel of integral equation which denotes downwash at a field point

(x,y) due to a unit pressure dipole at a point (e,1)

wey
in which ¢ is the root chord

k=5 r

M free-stream Mach number

The kernel K and numerical methods of solving equation (30) for o
for given values of Wy have been developed at the NASA Langley Research

Center for both subsonic and supersonic Mach numbers (subsonic leading edges).
(See refs. 15 to 17.) The numerical methods may be applied to wings of arbi-
trary planform and are, therefore, particularly suitable for swept or delta
wings. These methods have been programed oOn high-speed digital computers for
known values of W, at as many as 16 positions on a wing semispan. Rapid

solutions are obtained for downwashes due to both sinusoidal motion and sinus-
oidal gust velocities on a consistent basis.

The applied downwash wgp may be written (with sinusoidal term suppressed)

as
. Xc
wg = |V 9 4 in)zn + W e V (31)
0 % " 7,0
XaK
I e vl il
d Vk ey

wWo = <V -8;(- + 12 C—I:>ZO + Wg,oe (52)
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where Wg,o is the magnitude of the sinusoidal gust velocity and Xg is the

location of the downwash point relative to a convenient reference point, say
the leading edge of the root chord of the lifting surface.

To determine pgy, equation (32) is substituted into equation (30) with zg

replaced by its definition, eqﬁation (28). The resulting equation is then
solved by numerical procedure and leads to an expression for pq given by

Py = 2 Py + 25 oPp tee e Ay 0Py + Vg oPg (33)

where the p;'s are the pressure or loading distributions associated with the
shapes of z4,

Vg, 0" In general, these pressure distributions are complex; that is, they have

and Pg is the pressure distribution due to the gust velocity

a component that is in phase with the sinusoidal motion and a component 90°
out of phase.

Solution for frequency-response functions.- The substitution of equa-
tion (33) imto equations (29) gives simultaneous equations which are solved for
the complex generalized coordinates aq a5 97 - Solutions are made at
4 J

various frequencies and hence the results are the frequency-response functions
for these coordinates, which represent, of course, the modal displacement coef-
ficients. From the solution for the ai’o‘s the frequency-response functions

for other response quantities, such as bending moment or shear, can be deter-
mined (the H in egs. (22) to (25)). With the bending moment at a particular
station as an example,

Hw) = Mp(w) = al)o(w)ﬁi + ag’dﬁg + .. . Fay oMy + Wg,Oﬁé (3k4)

where ﬂb(w) is the bending-moment frequency-response function. This equation

may be established by two basic means, as will be outlined briefly. One is the
so-called loads-summation approach, and the other, a mode-displacement
procedure.

In the loads-summation approach the total loading on the structure, con-
sisting of the inertia and aerodynamic loading, is used. Thus,

Pr,0 T mzg + Py (35)

Integration of this loading to obtain bending moments leads directly to
equation (34).

In the mode-displacement procedure the moment is considered to be the
superposition of the moments due to the flexible modes only. In this case,
equation (34) becomes

MO = 8.3’01\45 + al{»,oﬁh_ + . . . + an’Oﬁn (36)
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where the ﬁi's are here the moments associated with the deflection shape =z
2
J z.

i
9%

i.

For example, for a wing treated as a beam M; = EI

The choice of procedure for the determination of ﬁi depends upon the

purposé. The loads-summation method provides better accuracy for a given num-
ber of flexible modes than does the mode-displacement method. The effort, how-
ever, is considerably greater.

lLateral motion.- Significant motions and localized loads (vertical-tail
loads, for example) are generated by the response of the lateral modes of
motion to lateral turbulence velocities acting on the vertical tail and to
vertical velocities acting on the wing (see ref. 18). The lateral velocities
can be approximated by the one-dimensional turbulence described by equation (22)
or (24). For the vertical velocities, however, a two-dimensional turbulence
expression of the type given by equation (21) must be used in order to take
into account the influence of these velocities on the rolling moment. The
frequency-response functions are approximated usually in terms of solutlons of
appropriate linear equations of alrplane motion for flight at constant speed
and at a given altitude through sinusoidal gust velocities acting on the
vertical tail surface and on a number of sections along the span of the wing.
The derivation follows generally along the same lines as those for the lon-
gitudinal equations and is described inh reference 18.

Experimental Frequency-Response Functions

As indicated, the response spectra due to turbulence encounter may be
calculated from equations (22), (24), or (25). It is frequently desired, how-
ever, to determine the alrplane frequency-response functions from measured
turbulence and response spectra for the purpose of comparison with calculated
frequency-response functions. A major reason for determining the response
functions experimentally is to assess the degree of complexity required to
simulate analytically the dynamics of the airplane.

The solution for frequency response for longitudinal motion may be
obtained from equation (22) as

2 o(w)
|Es(w)| = ™) (37)
or from equation (24) as
 Oy(w) g
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or from equation (25) as

(39)

Some information is given in appendix D on the practical aspects and interpre-
tation of these methods.

The evaluation of frequency-response functions for lateral modes of motion
requires more experimental information than that for the longitudinal short-
period mode. As indicated in equation (21), not only must measurements be made
which will provide the basic turbulence spectrum &y, but additional measure-

ments must also be made along the wing span to provide data from which the
various cross spectra can be evaluated. As far as is known, no frequency-
response functions for complete lateral motion involving coupling between yaw
and roll have been obtained from experimental data.

The application of equations (37) and (38) to some longitudinal mode cases
is given in the next section.

Comparison of Experimental and Calculated
Frequency-Response Functions

The NASA has conducted flight tests and has made turbulence response cal-
culations for two widely different airplane configurations: one a large
flexible swept-wing subsonic airplane representative of turbojet bombers and
transports; the other a delta-wing supersonic fighter airplane. Both experi-
mental and calculated frequency-response functions are presented for these air-
planes, together with a brief description of the degree of complexity of the
mathematical model which formed the basis for
the calculated functions.

Large flexible swept-wing airplane.- This
airplane is 1llustrated in figure 12. The
flight test was conducted at a Mach number of
0.581 at an altitude of 5,000 feet in clear-
alr turbulence. Calculated frequency-response
functions were based on (1) rigid-body vertical
translation, (2) rigid-body pitching motion,
(3) first cantilever wing bending mode, (4)
first cantilever wing torsion mode, and (5)
the first vertical bending mode of the fuselage
as a cantilever beam aft of the center of
gravity. The method and complete results of
the frequency-response-function calculations
are given in reference 19.

Figure 12.- Flexible swept-wing . .
airplane. Calculated results which emphasize the

influence of various degrees of freedom are
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shown in figure 13. Figure 13(a) applies to vertical acceleration of the
center of gravity (the movement of the point on the structure which corresponds
to the center-of-gravity location of the undeformed airplane, not the dynamical
center-of-gravity location of the deformed airplane); figure 13(b) applies to
wing bending strain at the 60-percent-semispan station. The quasi-static
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(a) Center-of-gravity (b) Wing bending strain at (¢) Ratio of wing strain to center-
acceleration. 60-percent semispan. of-gravity acceleration.

Figure 13.- Effects of various degrees of freedom on frequency-response functions for large swept-
wing airplane.

condition referred to in the figure differs from the dynamic condition in that
only the static-type aeroelastic deformations of the flexible structure are
considered; the other conditions are as indicated. Although not shown specif-
ically in the figure, calculations indicated that the contributions of wing tor-
sion and fuselage bending were negligible for the frequency range considered.

It is apparent from figure 13 that, in addition to vertical motion, both
pitching motion and dynamic wing deflections are important to the responses,
particularly the bending strain. It is also apparent that there is no propor-
tional relationship between center-of-gravity acceleration and wing bending-
strain frequency responses for the flexible dynamic case, as has often been
tacitly assumed in gust-loads studies of nearly rigid airplanes. To ililustrate,
division of the bending-strain response curves by the corresponding accelera-
tion curve (fig. 13(c)) reveals that for rigid-body vertical motion only, for
rigid-body short-period motion, and for the quasi-static condition, the ratio
is indeed nearly independent of frequency; this ratio for the fully dynamic
case, however, increases from about 1 at the short-period frequency
(fsp ~ 0.5 cps) to gbout 14 in the vicinity of the first natural frequency of

the wing (indicating an amplification or overshoot on the order of 1,000 per-

cent). Because of the drop of the input spectrum with frequency, this amplifi-
cation effect becomes reduced in the output spectrum, but it is still important
and yields a 50-percent amplification on the basis of a root-mean-square value
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comparison between the gquasi-
static and the fully dynamic
conditions.

Example comparisons
between experimental and cal-
culated results for the fully
dynamic case are shown in fig-
ures 14 and 15. The experi-
mental frequency-response func-
tions were obtained by the
cross-spectra relation of equa-
tion (38). The method and
complete results are described
in references 4 and 20. Fig-
ure 1lhk gives frequency-response
functions for center-of-
gravity acceleration and fig-
ure 15 gives functions for
bending strain at several
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Figure 14.- Calculated and experimental center-of-
gravity vertical-acceleration frequency responses
for large swept-wing airplane.
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Figure 15.- Calculated and experimental bending-strain frequency responses for
large swept-wing airplane.
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stations on the wing semispan, where ¥ 1is station location in fractions of

a semispan. The dimensions of the ordinates in figure 15 are those for accel-
eration because the responses of the strain gages were calibrated in terms of
the strain per unit normal acceleration experienced during a shallow pull-up
maneuver. The agreement is good, considering the overall complexity of the
problem. The experimental and calculated frequency-response functions for the
wing displacements exhibited even better agreement than those presented here.
Tt is to be noted that the number of modes used here appears quite adequate to
determine the frequency-response function in this particular case, but is not
necessarily sufficient for extended load studies where, for example, pesk count
is involved.

Delta-wing fighter airplane.- The delta-wing fighter airplane illustrated
in figure 16 is equipped with an automatic pitch damper. Flights were made
through thunderstorms under the following conditions:

Condition Mach number Altitude, ft
I 1.3 30,000
II .92 35,000
IIT .85 15,000

Experimental frequency-response functions were obtained by the spectra
relation of equation (37); consequently, only the amplitude of the transfer
functions could be evaluated. Because of the compact and rigid nature of the
airplane, calculated frequency-response functions were based on rigid-body
vertical translation and pitching motion only. The equations of motion dif-
fered in form from those previously described herein in that: (a) they were
derived from the classical stability equations (described in ref. 21); (b) aero-
dynamic forces due to airplane motion were assumed quasi-steady and were cal-
culated by using the manufacturer's design values of the stability derivatives;
gust forces, however, were calculated by the numerical procedure which makes
use of equation (30); and (c) the effect of
the pitch damper was accounted for in terms
of an effective pitch-damping stability
derivative.

T Some examples of experimental and cal-
culated frequency-response functions for
acceleration at the center of gravity and
for pitching velocity for both supersonic
and subsonic speeds are presented in fig-
ure 17. Calculated results are given for
pitch damper both on and off. The reason

4—/////:55 for considering both of these conditions is
as follows: Examination of the flight
__<:::fffi_g;;fEEEEEEEEZL”J records indicated that the damper saturated
during the flights; that is, elevon deflec-
tions in excess of the mechanical limits
were commanded by pitch rate but were not

Figure 16.- Delta-wing fighter
airplane.
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realized. The effective damping, therefore, lies somewhere between the values
for an inoperative and a fully effective automatic damper. Inasmuch as linear-
ized equations were used to calculate the frequency-response functions, the
effective damping could not be calculated.

The experimental and calculated functions for the supersonic-flight condi-
tions (figs. 17(a) and (b)) agree well; the agreement is good at the high and
low frequencies, the frequency at which the curves peak agrees well, and at this
frequency the experimental results fall between the two calculated damping con-
ditions, thereby indicating as good an agreement as can be expected. The func-
tions for the subsonic flights shown in figures 17(c) and (d) are not as well
correlated. The precise reason for the poorer agreement is not known, but there
are indlcations that the stability margins of the airplane were appreciably
larger than the calculated values, and this would give a difference in the
results of the type noted.

PREDICTION AND DESIGN FOR GUSTS BASED ON

SPECTRAL TECHNIQUES

As mentioned in the section entitled "Evolution of Gust Design," the
design of aircraft for gusts in past years has been based solely on the concept
of a discrete gust and an associated gust-alleviation curve. In the earlier
considerations, the airplane was considered to be a rigid body, but in later
years the major flexibility of the aircraft, such as fundamental wing bending,
was also included in an attempt to account for dynamic-response effects. 1In
recent years design has usually incorporated both the single-gust concept and
the concepts of power spectral analysis. The discrete-gust treatment normally
constitutes the nucleus of the design approach, with the power spectral portion
used as a means for bringing out dynamic-response effects more rationally, or
possibly for uncovering unusual response effects that might otherwise be over-
looked. Associated flight-test analysis by spectral procedures has also been
used extensively.

The question may be raised as to whether the design for gust can be based
completely on a power spectral concept, and it is believed that the answer is
yes. In surveying the present situation, the following observations appear
pertinent. Much work has been done in the application of spectral techniques
to the gust-response analysis of aircraft; much has been accomplished and much
is understood. The general method of describing atmospheric turbulence in
power spectral terms and the general procedures for determining airplane
response and for understanding the character of the random processes involved
are now quite well established. It is not yet possible, unfortunately, to pre-
dict the statistical parameters of the gust-load history of an airplane in an
absolute sense (i.e., independent of other airplanes and based on knowledge of
the statistical description of the atmospheric turbulence and structural-
response parameters of the airplane) because certain details of atmospheric-~
turbulence experience and of structural-response parameters as related to
structural design have not been adequately defined. It appears to be only a
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matter of time, however, before these parameters are defined adequately and
spectral techniques can be used to predict the gust loads on an absolute basis.

In the following section three procedures are outlined which might form
a basis for a power-spectral gust-design procedure. The procedures, in the
order to be discussed, are: a spectral approach analogous to discrete gust
design, a spectral approach on an absolute basis, and a spectral approach based
on comparison with an existing aircraft. The first and third methods may be
considered interim procedures in which considerable dependence 1is placed on past
experience. The second method is cast completely in the spectral form but
requires detailed information not completely available at the present time.

Spectral Approach Analogous to Discrete-Gust Design

The spectral approach analogous to discrete-gust design is shown in fig-
ure 18, where the analogous steps in a discrete-gust approach are shown for
comparison. The example is expressed in terms of the center-of-gravity accel-
eration of the airplane, but it should be understood that the actual response
quantities of concern, such as wing-bending stress or wing shear, would be used
instead in actual design. From top to bottom the sketches on the left show:

(1) the power spectrum of input gust velocity which depends on the atmospheric
turbulence scale L (note that the mean~square gust velocity UW2 has been
extracted and that the spectrum has been normalized so that the area is unity );
(2) the square of the nondimensional transfer function (the dimensions are con-
tained in the factor apSV/oW); and (3) the output response spectrum, which is
the product of the preceding two items (K¢ represents the cross-hatched areaz.
The sketches on the righ
indicate: (1) the gust

SPECTRAL DISCRETE_GUST velocity shape
(l - cos %? t), where H
iy FOR "SCALE" L . UNITY
By = O x’_—\\\\\\\ Ve Ve ;:::}><;— is the gust gradient dis-

tance, usually taken as
12.5 chords; (2) the
response due to a unit-

Mmmﬁ=¢%%§x hm=ﬂ%%& « impulse gust veloc%ty;
and (3) the time-history
Mi:::>_____ response of the center-

of -gravity acceleration
’ 2 SV to the gust input in
@AMM=GEH>J?X, 2 An) ==Ly x item (1).

2W 2W de ¢
g
///?><;\~_ The equation for the

Q t
root-mean-square accel-
DESIGN rms An 1S: DESIGN An 1S: eration OAn shown at
_apSV _apgSVe . 8 i
orn =g %Ko Aniox " ow YaeKq the bottom of figure 10 is

to be noted in particular,

Figure 18.~ Spectral analogy to discrete-gust design.
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since it provides the basis for this approach. For convenience, the equation
is restated as follows:

The input-output relationship indicated 1n figure 18 in terms of the
spectra and the transfer function is:

opn(Q) = 24(9)[2n(0)] :

and in terms of the root-mean-square values is:

apsSV
GAn = o0 GWK@ (u—O)
where
- 1/2
Oy = [:f o (Q)an
0
and

o 1/2
Opy = [/; @An(Q)d%}

and, therefore,

1/2
°° 2
. fo 2,(9) [2a(0)] “an

apSV ng

Kp =

Note that equation (40) is analogous to the equation for Anp,, (shown at

the lower right of fig. 18) which is the type of equation that has been used
extensively through the years for discrete-gust design. The factor Kg in the
spectral equation is of special significance; it is analogous to Kg, the com-
monly used gust-alleviation factor. Here, however, Kz can take account of
the effects of vertical translation, pitch, and flexibility on the response of
an airplane to a continuous random input. It may be recalled that on a math-~

ematical approach basis Kg has been associated only with vertical translation
effects (ref. 22).

The spectral equation for o, may be transformed into the discrete-gust

form as follows: Consider that the gust-load factor An for design is some
factor Mg times op,, thus,

Mgesign = Nq%n (k1)
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From a probability aspect, it is to be noted that a chosen value of mng 1is
associated with a given probability of exceeding the design load factor, that

AN E P
is, the probability that the load ratio deslgn _ . is exceeded. The sub-
’ OAn d

stitution of opn from equation (40) into eguation (L41) yields:

_ apdV . apdV
An'design - —Eﬁ_(ndGW)KQ’ Andesign - —Eﬁ-'WdKQ (k1a)

Remarkably, this equation is of the same form as the equation used in discrete-
gust design; wg assumes the role of Uge, and Ko replaces Kg. With respect

to an appropriate value of the product n40y for use in design, the following

procedure is suggested. Suppose equation (Mla) is equated to the discrete-gust
equation indicated at the lower right of figure 18; there results

K
W = O. ::ﬁU ()-}-2)
a=n
Ad'¥ " Kg de

This equation can now be applied to several of the older gust-critical aircraft,
thus permitting the establishment of a proper level of wg; with this estab-
lished, equation (41a) could then serve as the basis for design. It should be
noted that if Uge 1is used as an equivalent velocity as is customary, then wg

will be expressed in the same manner. A point of interest with regard to this
design method is that although the derivation originated from the spectral
approach, the final form can be interpreted as a discrete-gust form which
rationally includes some of the dynamic-behavior effects due to continuous
turbulence.

(Equation (4la) may be established from another point of view as follows.
Consider the ratio of a structural load value to the gust velocity producing
this load. For a given airplane, it would appear reasonable that this ratio as
established by power spectral considerations in terms of root-mean-square values
should be equal roughly to the corresponding ratio as obtained in a discrete-
gust approach, somewhat analogous to the concept of a spring constant. Thus,
write

o an _ Mjesign
0 Gy Uge

where Cp 1s a factor of the order of unity. The substitution of opn, from
this equation into the spectral equation for opn 1in figure 18 then gives

_ apsSV
Andesign - “éﬁ‘(?dude>K®

Thus, in this consideration CgUg, takes on the role of wg 1n equation (k1a),
and from equation (42), Cp 1s noted to assume the character of Kg/K@.)

Tf stress at a particular point had been considered instead of accelera-
tion, equation (L4la) would take the form
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Sqesign = So¥aXe, s

where sp is the stress quantity which takes the place of apSV/EW, and K@)S
is the rms value of the nondimensional output spectrum for the particular stress
being considered. Note that in this approach each response gquantity has its
own particular Kg, reflecting the fact that pitch and flexibility enter into
each quantity to a different extent.

(just given)

Equation (Mla) or, more generally, the equation for Sdesign

signifies only to a degree a rational design equation for a power spectral
approach, one that is analogous to the commonly used discrete-gust approach.
The design interest, however, is not only in the single large load but also in
repeated loads at lower levels. In the application of these equations, the
number of times a given load level, for example, the design level, is encoun-
tered in the life of the airplane is not taken into account explicitly; only
the probability of exceeding a given load is known. The number of exceedances
are expected to be closely related, however, to those of the gust-critical air-
planes used in the establishment of a design level of wgy.

As an illustration that probability of exceeding a given load does not
yield the number of exceedances, consider the following two sine waves.

/A YA WA ANA
N \VARVERV

These two waves have the same probability distribution, but the number of
times a given level is exceeded in a given length of time is much greater for
the wave on the right. The treatment given in the subsequent section includes
a consideration of this point.

Spectral Approach on an Absolute Basis

A more definitive but lengthier approach is one that extends the treatment
of the preceding section so that number of exceedances of load levels, variation
of severity of turbulence with altitude, and proportion of time spent in moder-
ate and severe turbulence at each altitude, are explicitly taken into account.
The approach leads to significant results in the form of average numbers of
load level exceedances per unit flight distance or per unit flight time. It is
based on the development given in references 10 to 12 and may be reviewed here
with the use of figures 19 to Z21.

Model considered.- Figure 19(a) illustrates the model or concept that is
postulated as representing the atmospheric turbulence experienced by the air-
plane. The model is first considered to be made up of discrete patches of
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disturbances of different mean-
square intensity, each Gaussian
: and stationary in character, and
§ 2 + 2 + 0%1 - Gf% then this model is replaced in a
y:\\ﬁ, limiting-process sense by a model
G =G fw h) which has a continuously variable
wee distribution of rms gust velocity.
IMZ . . . Tt is understood that the patches
are encountered in random fashion,
not necessarily in the succession
) shown. The o¢'s in figure 19

22 1012 2 .
v o o, ®,[H| 050, nl %%JHF refer to the rms value of vertical
o 0, ] + + - /\Lg\\ gust velocity and correspond to
the oy's used previously herein.
N =Ny 1) In this section the subscript w
FREQUENCY, will be dropped for convenience.
Figure 20.- Composite response to gusts. The use of radar, together

with visual sightings and verbal
reports, makes it possible to avold flights through many storm areas during
routine operations which could not have been avoided prior to the use of radar.
Because of the changing flight experience in storm areas, it is desirable to
have a means for specifically taking into account storm turbulence encounter
to a varying extent. This may be done conveniently by splitting the continuous
distribution curve shown in figure 19(a) into the components shown in fig-
ure 19(b); specifically, the first "Dirac delta" sketch to the right of the
equality sign of area PO refers to the proportion of total flight distance

that is spent in smooth flight (or below a threshold level), the second sketch
is the distribution curve of ¢ for nonstorm turbulence encounter, the area
Py Dbeing the proportion of total flight distance spent in this type of turbu-
lence, while the third sketch is the corresponding curve for storm-turbulence
encounter. (It may be noted that the sum of the fractional areas Py,

and Pp is unity.)

Py,

Consistent with the model shown in figure 19(a), the resulting composite
response of the airplane is shown schematically in figure 20. The situation
pictured is for a given altitude, weight, and airspeed, but a similar plcture
is considered to apply at each altitude for other conditions. For simplicity,
only the altitude h is shown as a parameter so that the response for various
aircraft missions can be evaluated. The quantities and equations shown in the

figure are derived as follows: The composite rms value o, of vertical veloc-
ity for the model would be

s s s
0 =3 b/\ wog(s)ds + b/\ ng(s)ds + J[‘ > w22(s)ds + . .
s
0

Sl 52

=L 2 2 2 2 2 2

d[doo'o + le'l + d20'2 + d_50'3 + . . .‘:] = plo‘l + DPpOo + p5055 + . .
(43)

38



where p, and Oop represent, respectively, the proportion of time spent in
an nth patch and the associated rms gust velocity, and og 1s zero. For the

limiting case in which the turbulence model is represented by a continuous
variation in rms gust velocity, equation (45) assumes the form

c2 = ) a Ll
o k/; cgp(c) o (k)

where 7p(o) 1is the probability density of o. It should be noted carefully
that the composite rms value o as given by this equation is here mainly of
conceptual interest and is that assoclated with the total flight time; its
value is therefore quite small (less than 1 ft/sec) in comparison with the rms
value of an individual turbulence patch.

Statistical description of gust velocities.- Composite information on the
peak count of vertical gust velocity may be derived from reference 2% where
equations applicable to the peak count of a Gaussian disturbance are developed.
In application to the individually assumed Gaussian patches, the average num-
ber of peaks per unit distance in the nth patch which exceed a given level of
vertical velocity is given approximately by

2
(W) = Goe 20n (45)

where Gg 1is the average number of times per unit distance that w(s) crosses

the value zero with positive slope; its value depends only on the spectrum
shape, and thus is the same for the various patches, and is given by

- q1/2
f %o (0)an
Go = ;‘—ﬂ 0 o (46)
f o,(Q)an
- O —

where it is recalled that

o 1/2
op = [fo @n(sz)ds{\

Theoretically, equation (45) applies to the number of times per unit distance a
given value of w 1s crossed with positive slope; it also happens to be a good
approximation for determining the number of peaks above a given level for large
values of w -~ for example, W greater than oyp.
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For the complete model, the equations for approximating the average number
of peaks per unit distance which exceed a given level of vertical velocity are

20,2 26,2 20%° .
G(w) = L3 g.e L/ 4 4,.G.e 2/ 4 dzCGoe >

al 10 270
2
‘-<we>+.
205

2012 2622

Gg [Py e + pe + p3e (47)

For the limiting case of a continuous variation in the rms value op, this

< >
26

G(w) = Gg L/:o p(o)e do (48)

As p(o) may vary with altitude, in effect

G = Gpf(w,h)

Statistical description of alrplane response.- Airplane response 1s
described in the same manner as gust velocities except that allowance is made
for variation of dynamic-response characteristics of the airplane with speed
and weight as well as with altitude. Consider first the airplane response of

a particular quantity X, due to the nth discrete patch. The mean-square

value of the output response ox,ng is equal to the area under the output

spectrum, and the peak count for the response is given by an equation analogous
to equation (45). The rms value and the approximate number of peaks per unit
distance of the response that exceed a specified value are, therefore, given
by the equations

- 1/2
Ox,n = [/; IH(Q)IQ%(Q)MJ (49)

e
\og. 2
Nn(X) = Noe ch’n (50)

It is convenient to introduce a factor A such that

Gx,n = Agp
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or

where

. 1/2
op = [[O <I>n(Q)dQJ

The quantity A 1is in the nature of a gust-response factor which depends on
such airplane parameters as weight, wing area, speed, air density, and also
directly reflects the number of degrees of freedom that are taking part in the
apsSV
2W

response; in the example shown in figure 18, A has the value Kp. The

parameter Ng, which is analogous to Gg, 1s the average number of times per

unit distance that the response x crosses the value zero with positive slope
and is given by

T e 5 n1/2
f 02 |u(e)| "o (0)an
Ny = é; 0 — . (51)
H(Q Q)a
;fol(”%()ﬂd

For the composite discrete-patch model the approximate number of peaks per
unit distance of the response Xx becomes

X2 X2 X2
- —— — — | — ],
1 20, %A% 20,°A% 205247
[ B _x2 1\,
2012A2 2022A2 2052A2
= Ny p,€ Py + p3€

which in the limiting case of a continuous variation in op becomes

; %2 >
o0 52,2
N = Ny &/; p(o)e <?0 A ag . (52)
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These expressions apply to a given altitude (or altitude bracket) and strictly
also to a given flight condition of weight and speed; that is, for the flight
interval considered, the transfer function H(Q) (hence No and A) is assumed
to be invariant.

Tt should be noted that the equations (48) and (52) for G(w) and N
refer to the number of exceedances per unit distance for positive w oOr X,
or for negative values of w or x; for total peaks including positive and
negative values of w or x, the equations should be multiplied by two.

Generalized prediction curves.- Consider now the implication of equa-
tion (52). In functional form the equation may be written

o = f<§ h> (53)

where h 1is inserted as a reminder that the altitude i1s also a parameter.
Equation (53) suggests the form and manner for analyzing gust-response data
collected during routine airplane operations to obtain generalized curves for
prediction purposes. A response quantity that has been collected in routine
operations is the center-of-gravity acceleration. Such data can be processed
to yield the number of exceedances N of given acceleration levels and should
be separated according to altitude brackets and to flight conditions, if
required. The values of A and Np for the monitored response quantity are
calculated for the appropriate flight conditions (egs. (49) to (51)). In
accordance with equation (55), then, these data may be plotted as N/NO against
X/A, thereby yielding generalized curves of the type shown in figure 21(a). oOf
significance is the fact that even though the curves are derived from a response

X X
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(a) Generalized curves for gust load (b) Variation of turbulence parameters with
experience. altitude.

Figure 21.- Turbulence and gust loads experiences in routine operations.
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gquantity which is convenient or easy to record, such as center-of-gravity
acceleration, the generalized curves, because of their essentially nondimen-
sional nature, apply to other response values as well. <Strictly, K%— is the

c
nondimensional quantity and x/A has the dimension of a velocityu) When neces-

sary to distinguish the particular response quantity of interest N, Np, and

A will be identified by an appropriate subscript. For example, for the
response quantity stress a parameter would be NO,S'

To obtain peak count information on wing bending stress, it is only neces-
sary to evaluate the factors A and Np appropriate to this stress (AS and

NO,S) for a chosen location, and to use these factors in conjunction with the

generalized curves of figure 21(a). Figure 21(a) thus represents the very heart
of the approach being discussed - an approach which is a succincet method for
determining the statistical data on peak count for flights of airplanes at any
altitude. As will be shown subsequently, the expected results for any assumed
mission can be derived from these curves.

A brief mention was made earlier of flight operations with and without
storm avoidance. This operational factor may also be conveniently taken into
account by the preceding approach. One way, for example, 1s to have a set of
curves of the type shown in figure 21(a) for nonstorm operation, and another
set for storm operation. A specific approach that is of interest, and is based
on the work of references 10 to 12 follows. With reference to figure 19(b),
analysis of the voluminous data collected during routine airline operations
indicates that the empirically established probability density curves may be
represented with fair accuracy by the equation

p(o) = P1p,(0) + Pop,(0) (54)
where | g2
- 2
p(g)_\/é 1 e<“c,1>
1 = = =

T o

2
_J2 1 Ic, 2
p(0) = |5 ==
c,2
where P; and Po represent the proportion of total flight distance in non-
storm and storm turbulence, respectively, and o, ; @and o, » are the cor-
2 J

responding composite values of root-mean-square gust velocity in each type of
turbulence. Note that Py associated with smooth air is dropped as before and
the remaining flight experience has been regrouped into the two classes. The
substitution of equation (54) into equation (52), keeping in view the form of
equation (53), yields the following expression for peak count:
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N = PlNOe + PENOe (55)

The four parameters Py, Pp, 0,71, and o depend on altitude and some
J

c,2
representative curves evaluated from routine operations are shown in fig-

ure 21(b). Equation (55) is also included in figure 21(b); this figure, like
the generalized curves of figure 21(a), represents an alternative condensed
method for determining the statistical data on peak counts.

In the initial evaluation of the operational data to establish curves of
the type given in figures 21(a) or 21(b), crude estimates for A and Ny for

the ailrplanes involved were used. Thus, to prevent the inappropriate use of
the curves, the numbers on the scales have been purposely omitted. However,
order of magnitude values may be indicated as follows. In figure 21(a) the
logarithmic ordinate scale consists of six cycles with the largest value in the

range of 10'2 to 10~2 and the linear abscissa scale covers a range of from O to
60 to 80 fps. In figure 21(b) the abscissa scale of the P curves ranges from

zero to about 10-1 while the range of the o curves extends from zero to
roughly 10 ft/sec.

C

Extension to treat various missions.- The extension of the preceding
analysis to treat complete missions where altitude, speed, and weight varia-
tions are involved follows easily. Thus, the equation which yields the com~
posite total number of peaks per unit distance, on the average, that exceed a
given value x during a complete mission of an airplane is as follows

2

1
No = EE)lNO’lf <KXI’h1> + DNy 2f<7§5-,h2> + .. ] (56)

where Dy, D2, . . . are the distances traveled in each altitude bracket con-

sidered, and D the total flight distance. Subscripts referring to altitude
bracket are also applied to Ny and A to denote that these factors may

change also with altitude. The effects of other flight conditions such as speed
are contained implicitly in A and DNp. The repeated load history in a sta-

tistical sense for the entire mission is thus described by this equation. If
necessary, each term in equation (56) may itself be separated into a suitable
number of terms appropriate to the variable flight conditions considered. When
applied to the determination of peak counts the equation is only sultable for
the larger values of x as indicated by the statement following equation (46).
Further, for total peaks including positive and negative x, the equation
should be multiplied by two.
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It should be noted that the appropriate characterization of peak counts
for the gusts conflict somewhat with the characterization of peak counts for
response. Since atmospheric turbulence is essentially space fixed, the number
of zero crossings per unit distance is a logical parameter. A given airplane,
on the other hand, tends to be frequency fixed; the logical parameter for air-
plane response therefore would be the number of zero crossings per unit time.

Equation (56) may be converted to the number of peaks per unit time Ne'*
above a given level as follows

DN i) D
c 1171 X 2 X
N.' = e = = —V = + —= f{—,h + . . .
¢ T TE’l o, lf<A1’hl> Ty 20,2 <A2’ 2) ]
or
— 1 X . X
No' = E[% Né,lf<25?hl> + TENé,gf(KE,h2> + .. {] (57)

where Ty, To, . . . are the times traveled in each gltitude bracket, and T
the total flight time; Né,l = VlNO,l) Né,g = VENO,E’ . . . are the number of

zero crossings per unit time at each altitude; for most cases these values
should change very little with altitude, and for practical evaluation purposes,
therefore, a single value might be taken for a given airplane to apply at all
gltitudes.

Since equation (56) gives the average number of peaks per unit distance
that exceeds a given value x, the total distance D that must be flown (again
on the average statistically) to encounter a total of Np, x peaks above this

level is given by

DNe,x = Dp,x

or

D = ’p,x (58)
Nc,x
In an analogous manner, the equation for a unit of time, say in hours, that
must be flown to encounter np peaks above a given level is found from equa-

tion (57) to be

T — Ilp’x
Ne,x

(59)

For design, the results obtained from either equation (58) or (59) would be
assessed to judge whether the airplane i1s expected to be safe or satisfactory
for routine and extended use. The number of miles, or alternatively the number
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of hours, that can be flown in a statistical sense before exceeding a design
load level, such as limit load, by a specified number of times is either stip-
ulated, or more likely, is selected on the basis of past demonstrated perform-
ance of certain aircraft. The aim is to have the new design at least fulfill
such a chosen requirement. How far the "life" of the airplane can go beyond
this cannot be determined with certainty.

The question of to what extent the design should be based on miles of
flight or hours of flight is of fundamental importance, and merits careful study
and appraisal. As an illustration of the problem involved, consider a new fast
airplane and an old slow airplane. The following sketches show schematically
the differences in the expected statistical load behavior. On the left, the
new airplane is designed to yield the same number of miles to exceed limit load

New, fast

~01d, slow

Miles I

to Both airplanes
exceed ]

limit
load

|
|
|
|
|
*2
_01d, slow
-~

New, fast

Hours
to
exceed
1imit /
load /

Ml e —— - —

X

as Tor the old alrplane. ﬁs a, consequence, the new fast airplane will reach
iimit load in fewer hours of service than will the old. In contrast, on the
right, the new and old airplanes have the same number of hours of service before
reaching limit load. In this case, the new airplane may be expected to fly a
greater number of miles before reaching limit load. The basic guestion briefly

considered here is the relative significance of the experience in time or
distance.

Comparison With Existing Aircraft
The third procedure is to compare the airplane being designed with an air-
plane that has been in use or service for a long time in order to obtain a new

airplane that is at least as good as the "proven" design from the gust view-
point. Generally, the details of the procedure have to be tailored to the
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particular situation, depending on whether the design is still in the planning
stage, whether a prototype exists, or whether there are flight data available
on this prototype. A unique procedure therefore cannot be outlined for all
cases. A procedure that may be applicable to many cases, however, is
described herein.

Before presenting the details, the general sequence of steps in the method
is indicated. In this method, an airplane that is known to be gust critical
and for which extensive operational data exist, say in the form of peak counts
of center-of-gravity accelerations An, is selected as the reference airplane,
designated by subscript 1. The acceleration data for this alrplane are con-
verted by calculation to estimates of peak counts of other response gquantities
of interest such as wing bending stress. This process is also used for the air-
plane being designed (designated by subscript 2) to be "as good as" the refer-
ence airplane. The peak-count curves of the two airplanes are then compared,
and, if necessary, changes in the new design are made so that its estimated
stress experience is judged to be no more severe than that of the reference
airplane.

The basic relation to be used is the composite peak count of accelera-
tion An for the reference airplane given in a form which is essentially that

of equation (53)
(_jﬁL_) = | An
No,an /y Ann .

or, more explicitly, in the generalized nondimensional form for response X
given by

X
NC(AX

NO,x 1

as a function of X/Ax where NO,x refers to the number of zero crossings for
unit distance and x refers to a given response quantity; also, Ne¢ x is the

number of peaks exceeding a given value x of the response quantity in a unit
distance.

This relation applies to all response quantities of interest on the basis
of the representation of the airplane as a linear system. It is assumed that

the new airplane will be subjected to the same turbulence model as the refer-
ence airplane. Therefore, identities such as the following hold

An
[ ) s Nof 22
“\As = C\A = an = Y(w) (60)

No, s No,mn 1
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where <XS,;>2 = (:—S>l = (i—zﬁl =w (61)

These relations provide a basis for expressing the peak counts of various
response quantities in terms of those of, for example, accelerations.

It is also desirable to bring in explicitly the differences in flight
distances traversed by the airplanes. The total number of stress response
peaks Np, s that fall above the level s in a flight distance D 1is given by

Dp,s = DNC)S

From this equation and equations (60) and (61), the following relations for
peak count can be derived: The peak count of stress exceeded in the reference
airplane is

(np,s)l = Dl(Nc,s)l = Dl(NO,s)lY (62a)
where the stress exceeded is
(s)1 = w(Ag)y

In terms of the acceleration exceeded in the reference airplane, the peak count
of stress exceeded is (see eq. (60) for Y)

N

( O’S)l

n = Dy (N =D N 62b
(7p,s), = Pi(¥e,s), = D1 o), 1( ¢,tn), (62b)
where the stress exceeded is related to the acceleration exceeded by
(s) K——T(A”c’)l (&)
8 = An
1 Ang 1 1

The application of equation (62b) to the conversion of (Nc,An)l to (Nc S)l
2
is illustrated by the following sketch (with Dj canceled):

(¥e,pn); (M, ), B!

Y

Y
Y
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As indicated by path AA', the numerical value of the stress peak count (Nc,s)l

is determined by multiplying the value of (Nc,An)l for a given value of (An)l

(NO s) v
J
1
by . The value of the stress exceeded is obtained by multiplying the
(No,an)q

(8s)

1
given value of (An); by as indicated by path BB'.
iAAn 51
The relations between the peak count of stress in the new airplane to that

of acceleration in the reference airplane are obtained in a similar manner.
These relations are

2
(°p,s)p = P2 W(Nc,m)l (63)

where

The relations between peak counts of stresses in the two airplanes from
equations (62) and (63) are:

D2 (NO,S)2
(np; 8)2 = D_l- (NO, S)l(npys)l (6LL)
where L
\
(AS)Q : \
(5)2 = (K;jz(s)l
The peak-count curves from equations (65) and %ﬁ‘

(64) for the reference and new airplanes, respec-
tively, are plotted on a common chart as illustrated
in figure 22. TFor the example used in this figure;
(Nc,An>l is assumed to be known,

(npys)l =35 X 109(NC’AH)1’ (S)l =2 X lOu(An)l, B EXAMPLE SHIFT
(np,s)2 = 2(np,s)l) and (s)p = 0.9(s);. The ade-

AIRPLANE 1
AIRPLANE 2

.r

1
quacy of the new design is then judged by the rela- STRESS, s

tive position of the two curves. In general, it is - 5. Desi

. . gure .~ Design compar-
desired to have the curve for the new airplane fgll ison with "proven
on or to the left of the reference curve. If this airplane."
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is so, it is assumed that the load experiences of the new airplane will be no
worse than that of the reference airplane.

As described, the method essentially assumes that the new airplane does
not differ in major respects from the reference airplane and the method might
be specially suited for application to a new design evolved from a predecessor
design. If the new design should differ radically in its operating character-
istics, it would be necessary to modify the method to account for such
variations.

Since the peak-count history is strongly dependent on the two structural
parameters A and Np, it is of interest to see what must be considered rela-
tive to the behavior of A and Ny when design changes are contemplated. A
qualitative insight with respect to how changes in A or Np may alter the
peak-count history can be obtained by reference to figure 23. Consider that
curve 1 refers to the square of a frequency-response curve for the reference
airplane, while curve 2 is the comparable curve for the new airplane. Because
of the large peak in the curve for airplane 2, the value of Np will be larger

than that for airplane 1 (because of the 02 weighting in eq. (51)). To com-
pensate for this larger value of Ng, from a peak-count point of view, the

value of A for airplane 2 must be smaller than that for airplane 1. The value
o
of A <that is, A = —%EE>, however, is governed largely by the height of the

frequency-response curve at the lower frequencies; thus, to reduce A for the
new airplane, the frequency-response curve must have lower amplitudes at low
frequencies than that of the comparison airplane. Specific or numerical trade-
offs in Ny and A depend, of course, on each particular situation.

This comparative or relative procedure has the feature of making the
results somewhat insensitive with respect to whether or not the "correct" values
of aerodynamic and structural parameters are used in the calculation of A and
Ng. Often different individuals will select different values for the parameters

involved, for example, in the choice of lift-curve slope, or whether the mid-
span chord or the mean aerodynamic chord is
| used. By nonrelative procedures, estimated
\ response results may differ significantly
depending on these choices; here, however,
/ there should not be a marked difference in

mk / KrAIRHANEZ . -
N results obtained by different individuals
/ - \ because only ratios of like quantities are
/ AIRPLANE 1 N involved; "errors" in chosen parameters will,
/ N therefore, tend to compensate, as long as
P D )

each individual selects his parameters in a

consistent manner. It is noted that while

Figure 23.- Frequency-response the pr?cedu?e is believed to be potentially
functions for comparable versatile, it has not as yet been pursued
peak count history. sufficiently.

FREQUENCY, &
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CONSIDERATION OF COMBINED STRESSES

The question is sometimes raised as to whether spectral techniques can
take into account the problems of stress due to combined loads and of inter-
action effects. Means for doing this are outlined below for two example
situations.

Stresses Due to Superposition

Consider that the stress at a critical point in the structure is the
result of several simultaneous loadings that occur during turbulence encounter,
as indicated, for example, by the following equation:

s(t) = aM(t) + bv(t) + cT(t)

where M, V, and T refer to moment, shear, and torsionm, respectively (see
fig. 24). When considered individually, the stresses due to each of these
three loads may be quite
different in amplitude and
BY INTERACTION: phase, and it would be
improper to determine sepa-
rately the spectrum of the
stress from each source, for
there is no way to combine
them to obtain the spectrum
of the combined stress. The
proper procedure is to
determine the frequency-
response function for the

total or superimposed stress
Figure 24.- Combined stress treatment. s ( + )

BY SUPERPOSITION:

Ho(w) = aHy(w) + bHV(w) + cHp(w)

not for the individual stresses, and to use this frequency-response function
to determine the power spectrum of s(t)

2
05(w) = dylw) [Hg(w)]

All phase relationships will then be taken into account automatically.

Critical Stresses by Interaction
The problem referred to here is the critical load in a structural element

whose strength or stability is governed by an interaction curve (see ref. 2L )
of two or more stresses. This problem may be approached by Jjoint probability
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considerations as indicated by the following example: Suppose the critical
loading of a panel is governed by an interaction curve involving shear stress
T and compressive stress o. The Jjoint probability-density distribution of
the two stresses depicted on the right side of figure 24 is determined; the
interaction curve is inserted in the o-T1 plane. The probability that a crit-
ical loading condition is exceeded is expressed by the volume lying outside
the interaction region and contained between the o-1 plane and the distribu-
tion surface; that is, the shaded region in figure 24. For design of the
element, this probability should not exceed the design probability level
established. (See also table I.)

CONCLUDING REMARKS

In this report which deals with determination of the dynamic response of
aircraft to continuous atmospheric turbulence by power spectral techniques, a
review is given and new information is presented on

(1) the description of atmospheric turbulence including cumulus cloud and
thunderstorm turbulence,

(2) aircraft-response analyses and a comparison of results with several
flight measurements, and

(3) prediction techniques based on power spectral methods for use in air-
craft design for gust loads.

In the appendixes are given an outline of the origin and derivation of
the correlation and spectral relations used in the report, the effect of pos-
sible extraneous signals on determination of the scale of turbulence, and a
review of the basic procedures and mathematics that are involved in the prac-
tical applications of power technigues.

Some of the highlights of the report are summarized as follows:

1. Atmospheric turbulence measurements and spectral evaluations have been
extended (beyond clear air) to include cumulus clouds and thunderstorms.

2. Analytical expressions for the autocorrelation and spectrum fitted to
the measured atmospheric turbulence data were examined for two cases in which

the spectrum varied at the higher frequencies as 9'5/5 or Q'E. The 9"5/5
case was found to give good internal consistency and a better fit than the

previously used expression involving a2,

%, Distinction is made between two different root-mean-square values of
gust velocity. One value, often quoted in the past, is associated only with
the area under the portion of the spectrum that is evaluated and is, there-
fore, a truncated value. The other, which is associated with the area under
the complete spectrum, is the overall or actual root-mean-square value. The
actual root-mean-square value is two to two and one-half times as large as
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the truncated root-mean-square value. Overall rms values of 32 ft/sec were
found to be representative of thunderstorms; a value of 15 ft/sec is estimated
for cumulus clouds.

4. Thunderstorms were found to have a scale of turbulence L of approx-
imately 5,000 feet. A reexamination of results from clear-air-turbulence
investigations made at a 5,000-foot altitude indicated that the value of L for
clear air is also of this magnitude. (Where numerical values were available to
permit use of the procedures outlined herein, the values of L ranged from
3,000 to 6,000 feet for the different traverses and methods of evaluation.)

5. Load and motion frequency responses from flight tests in rough air of
a large flexible swept-wing airplane at subsonic speeds and of a delta-wing
airplane at both subsonic and supersonic speeds are compared with calculated
responses. In general, good agreement between the measured and calculated
results was found.

6. Several approaches based on power spectral techniques for the design
of airplanes for gust loads are outlined. 1In general, the basic spectral
techniques for analyzing flight data, for determining aircraft response, and
for predicting statistical load histories seem sound and well established.
More work and understanding in a detailed sense are needed to be able to pre-
dict the gust loads of an aircraft on an absolute basis.

The present investigation indicates some problem areas which merit further
study. The lateral-response problem including a development of an experimental
technique needs further study to assess its importance more comprehensively.
Procedures for calculating airplane response parameters in a consistent and
accurate manner are needed. Following this, a reevaluation of the routine
operational data is needed to establish more accurate generalized curves for
gust-load experience. As regards prediction and design techniques, the
approaches suggested herein warrant application to specific examples to work
out details and to alter them as is found necessary. As a related item which
is beyond the scope of this paper, but which is a logical extension, work
should be done to determine how an analysis of the type given herein can be
tailored or integrated into the fatigue problem. Specifically, the fatigue of
structures under a random-force input and the manner or technique for appro-
priately simulating the fatigue testing of structures under combined loading
need further study and development.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., January 8, 196k.
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APPENDIX A

SYMBOLS

The primary symbols used in this report are defined as follows:

F( )

£( )
£(t)

5k

airplane response parameter relating rms input and output values
response of system to unit step

lift-curve slope; amplitude

generalized coefficient

Fourier series coefficients

stress coefficients

longitudinal, lateral, and vertical accelerations
wing chord; co-~spectrum

raw estimate of co-spectrum

root chord of wing

co~-component (in phase) of cross spectrum

flight distance

flight distance in turbulence of given intensities
sampling error in amplitude and phase of frequency-response function

three-dimensional power spectrum

elastic stiffness

spurious signal in measured quantity

nondimensional power spectrum of longitudinal component of random
variable

frequency, cps
generalized function

input force function



£(r)

nondimensional autocorrelation function of longitudinal component of
random variable

average number of peaks per unit distance which exceed a given value
of vertical gust velocity

average number of zero crossings per unit distance with positive
slope for vertical gust velocity

nondimensional power spectrum of transverse component of random
variable

acceleration due to gravity

nondimensional autocorrelation function of transverse component
of random variable

gust gradient distance

frequency-response functions; subscript s refers to function
determined from spectral relations and subscript c¢ refers to
function determined by use of cross-spectra relations

altitude

response due to unit impulse input

statistical degrees of freedom

gust alleviation factors

modified Begsel function of the second kind

reduced frequency, wc/2V

raw estimates of spectral power

scale of turbulence

scale of turbulence deduced from measurements containing spurious
signal

longitudinal and vertical distances from accelerometer to flow vane

Mach number

generalized mass for ith mode

bending-moment distribution associated with ith mode

55



Py, P1,Po, ...

p
p( );Pc( )

bending moment due to gust velocity

structural mass density; maximum number of autocorrelation function
lags v

average number of peaks per unit distance which exceed a given level

of response and average number of zero crossings per unit distance
with positive slope

composite average number of peaks per unit distance

number of intervals used in time-history record (TL = ne = %%)

total number of peaks exceeding given level of response quantity
vertical acceleration in g units

proportion of total flight distance spent in given type of
turbulence

pressure; number of autocorrelation function lags
probability density function

pressure distribution due to gust velocity
proportion of time in nth patch of turbulence

total pressure on structure

generalized force

dynamic pressure; number of time intervals; guadrature spectrum
raw estimate of quadrature spectrum

quad-component (out of phase) of cross spectrum

correlation function
correlation function of spurious signal

correlation function of contaminated signal

sum of lagged products used to estimate cross-correlation function

cross-correlation function of x and ¥y

correlation distances xr = V7t



Xe

X,Y,7

y

y
y(t),y(T)

2y 27

value of r at which correlation function crosses zero
wing area

stress

general time limit

record length

time

maximim gust velocity

deri&ed gust veloclty

longitudinal component of true turbulence velocities
alrplane speed

equivalent airspeed

lateral component of true turbulence velocities
alrplane weight

K

= Ka Uge

magnitude of sinusoidal gust velocity

vertical component of true turbulence velocities
local downwash; initial value of airplane vertical velocity

vertical component of true gust velocity containing spurious
signal

generél input function, or a general response quantity
location of downwash relative to a convenient reference point
longitudinal, lateral, and vertical axes

general response. quantity

semispan station

general and truncated response time histories

mode shapes
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z(x,y,t) displacement of points x and vy

by vertical vane angle
B damping coefficient
Bcr critical damping
By side vane angle
r gamma function
Y damping ratio
72(w) coherency function
A incremental value
o) Dirac delts function
€ time interval of sampling, TL/n
_ Andesign
"a T T
An
6 pitch angle
A wavelength
H mass ratio
p air density
Po air density at sea level
(o] root-mean-square value
Oa composite rms value
0,0, truncated and complete rms values, respectively
61,62,03,...Un complete rms values for given patches of turbulence
T time lag
0] power spectrum
Qa,i power spectrum of displacement



@xy( ),@Wy( ) cross spectrum of two quantities

o)
2l
Subscripts:

av

cr

5P

st

roll angle
yaw angle
angular or circular frequency

natural frequency of ith mode

effective filter bandwidth, %%

spatial frequency, %?

highest spatial frequency to be evaluated

lowest spatial frequency to be evaluated

average

critical

error

filtered

gust or turbulence
ith mode of motion
measured

moment

nth turbulence patch
acceleration
contaminated signal
stress

short period

static value

59



truncated in time; torsion

u,v,w longitudinal, lateral, and vertical turbulence velocities
v shear
X,y general input or output response quantities
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A dot over a symbol represents differentiation with respect to time.

The symbol ™ over a figure indicates a prewhitened gquantity.



APPENDIX B
CORRELATION AND SPECTRAL FUNCTIONS

" A brief outline of the origin and derivations of the correlation and
spectral relations used in the body of this paper is given in this appendix.

General Relations

Consider two points A and B in an isotropic turbulent field. The correla-
tion of particle velocities at these two points is conveniently expressed in
terms of five basic correlation functions; two are double correlation functions
and three are triple correlation functions. Only the two double correlation
functions need be considered here; they are as indicated by the following sketch
and equagtions:

\

() XN 1
j\/\ /\n
e

ey O b;i// £

b
—
Longitudinal:
Ru(r) = wyuy' = 5 fo ul(O,t)ul(r,t)dt (Bla)
(r) (r)  ugup’
f(r) = RO S (B1b)
Ry(0)  oy® w2
Transverse:
Ry(r) = wywy' = T k’/ﬂ w1(0,t)wy(r,t)dt , (B2a)
0
R,(r) Ry (r) wywqy'
g(r) = s = —— = 1L (B2b)
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in which

cu2 = Ru(0) = uy? = ow" = By(0) = ng (35)

From the equation of continuity, it may be shown that these correlation func-
tions are related by the equations

R = R - -
or
g=f+£§£ (BUDb)
2 or

Thus, if one value is known, the other is automatically specified.

Associated with the two correlation functions in equations (Bla) and (B2a)
are the one-dimensional power spectra defined by the following Fourier trans-
form palrs:

o,(0) = % Jf Ru(r)e_iQr dr = % Jf R,(r)cos Qr dr (B5a)
-0 0]
Ry(r) =}2. f (Du(Q)eiQr an = f 0,(Q)cos Qr dQ (B5b)
—o0 0
and.
o (Q) = % k/h Rw(r)e_iﬂr dr = % L/ﬂ Ry(r)cos Qr dr (B62.)
00 0
Ry(T) =-§- f o,(0)e™ an = f 9,(0)cos ar an (B6b)
-0 0]

For convenience, these equations are often expressed in terms of nondimensional
spectral and correlation functions as:

Qu(g) 2 *
F(Q) = 0u2 == fo f(r)cos Qr dr (B72)

f(r) = Ry(r) = fw F(Q)cos Qr dQ (BTb)

Gu2 0
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and

®W(Q) 2 *
a(o) = o2 == ‘/; g(r)cos Qr dr (B8a)
R(x)  pe
- = a(9)cos Qr 4o (B3b)
o) = J e@e

From eguations (Bh) to (B8), it follows that the spectral functions are related
by the equations

1 q 4%y
CDW(Q) =3 @u(Q) - 330 (B9a)
or
1 Q aF
a(a) =3 F(Q) - 5 55 (B9b)

As mentioned, the spectra defined by equations (B5) and (B6) are called
one-dimensional spectra, and that of equations (B5) often being referred to as
Taylor's spectral function. These spectra represent, in effect, one-dimensional
cuts through a turbulence field which in reality is three dimensional in char-
acter. To represent the actual spatial character of the turbulence, a three-
dimensional energy spectrum, or spatial spectrum, is used which involves the
use of three-dimensional Fourier analysis (or the concept of a correlation
tensor). This three-dimensional spectrum, designated here by E(Q), is expres-
sible in terms of the one-dimensional spectra; specific relations are:

2
37® o
B(Q) = = 02 = - Lgog_4 (B10a)
2 ¥ 2
or
2
2 Q
- E(2) 1
oy(91) = U/\ —\L - ) (BLOb)
Q21 §
and
[s0]
2
1 E(Q) 2l
®w<gl) =3 b/\ —?T—-l + _Ef'dn (B1Oc)
071 Q

Tt is of interest to note how much energy is contained in the three-dimensional
spectrum as compared with the one-~dimensional spectrum; integration of equa-
tion (Bl0Oa) yields
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cEE - L/;m E(Q)dQ = % k/;m o,(0)aq (B11)

By equations (B5b) and (B3), however, the integral on the right equals cugg
the mean-square value of the three-dimensional turbulence velocity OEQ there-
fore bears the following relationship to the one-dimensional mean-square value:

o _ 5 2
Oop = ) Su

Turbulence Scale and Limit Relations

1t is common to introduce various lengths which are significant in char-
acterizing the structure of turbulence. Two of these lengths are called the

macro- or integral-scale, or simply scale, of the turbulence, and are defined
by the equations

= f(r)dr Bl2a
Iy fo () (B122)
Ly = me g(r)dr (B12b)

0

Interpreted physically, these lengths are a rough measure of the longest dis-
tance that two points in a turbulent field may be separated before the correla-
tion between the velocities becomes zero. Another interpretation is that they
sre a measure of the average eddy size. By equations (B4), these lengths are
found to be related by the equation

Ly = 2Ly (B13)

With equations (BL), (B2), and (Bl2), the following useful limit relations
follow from equations (B5) to (B8):

f£(0) = Ry(0) = \/nm F(Q)da =1 7

Gug 0

Ry(0) = uﬂ:n 8,(0)a0 = o,° $
(B1k4)
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and

, )
O [ee]
g(0) = Rw(g) = k/; a(olan = 1

Ry(0) = k/qw o, (0)a0 = e

) (B15)

o (0 &
ag(0) = W(E) = % g/; g(r)dar = EEE

o
m oL

0,(0) = % k/q Ry(r)dr = -E%rz—
0

J

Analytical Representation of Spectrum and Correlation Functions

Case T.- Equations (5) and (6) were derived by von Kirmén (ref. 8) essen-
tially as follows: Based on the work of Loitsianskii and others, it is reasoned
that the three-dimensional spectrum for isotropic turbulence should be pPropor-

tional to 0% for small values of Q. Further, by dimensional considerations,
or by energy transfer considerations, it may be shown that the spectrum at high

o should be proportional to 9—5/5 (for large Reynolds numbers); this is a
result of Kolmogoroff and ot@ers. On the basis of these two extremes of low

and high values of , von Kérmdn thus introduced the following interpolation
formula for the three-dimensional spectrum:

(B16)

where the two constants C and Qo define the basic overall structure of the

turbulence; their evaluation in terms of mean-square velocity and the turbulence
scale is indicated subsequently.

The substitution of equation (B16) into equations (B1Ob) and (BlOc) leads
to the one-dimensional spectra; when these in turn are substituted in equa-
tions (B5b) and (B6b), the corresponding correlation functions are found. The
equations soO found and as used in the body of the paper for Case I are:
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2/3 1/3

Ru(r) = 0,° §<%><1.5§9L> Kl/5<1T§§§E> (B17a)
/ /
o - o i) sl - Hdenletm) o
)
2 (0) = 0,7 22 e 72 (B17¢)

5
1+ (1.33900)7)

8 2
o 1+ 3(1.559LQ)

o, (Q) = oy (B174)

A

11/6
0o+ (1.33010)7] /

where L = ILy. The constants

C=_5_5_£0‘2
9 n

u
CCEFE) .
L p(.%_) 1.339L

necessary to establish equatlions (B17) are found by application of the limit
values glven by the second and fourth of equations (B1h); involved in this
evaluation is the use of the following gamma function relations:

and

Qo =

x! = D(x + 1) = x1'(x)

D(x)0(L - %) = ———

sin nx

Tt is important to note that all equations (B17) are expressed arbi-
trarily in terms of the longitudinal scale L = Iy, even though equations (B17b)
and (Bl7d) apply to the transverse velocity component. Thus the scale L
deduced in the body of the report refers to the longitudinal "scale,” not the
transverse scale (see eq. (B13)).

Case IT.- The correlation and spectrum fupctions, equations (7) and (8),
for Case II are established in a manner somewhat inverse to that of the pre-
ceding section as follows. With reference 1o turbulence studies made 1n wind
tunnels, exponential laws have often been used to fit the measured correlation
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data. One function chosen in particular for longitudinal correlation is the
followings:

RylT) = quge—r/L (B18a)

Then from equations (Bka), (BSa), and (B6a), the transverse correlation and
associated spectral functions may be deduced; specifically, the following equa-
tions are found:

R (r) = 0W2<} - é%je"r/L (B18b)

2,(0) = 0y° CIE S (B18c

Y 4o 1+ L2Q2 )
2.2

2y(0) = o 2 L oL (B184)

(1 + L292>2

Again, it is to be noted that all equations are expressed 1n termgs of the lon-
gitudinal scale L = Ly-

It is of interest to see what three-dimensional spectrum is implied by
equation (Bl8a). If equation (B18c) is substituted into equation (B1Oa), the
following expression for E(Q) is found:

() = 02 & —2 L (B19)

7 5
(1 + 1202)
Interestingly, this equation is in accord with the requirement that for small

values of §, E should behave as Q”; for large values of £, however, it

g-5/3

exhibits a 9_2 variation in contrast to the more appropriate varia-

tion for Case I.
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APPENDIX C

EFFECT OF EXTRANEOUS SIGNALS ON SCALE DETERMINATION

The deduction of turbulence velocities from vane and airplane motion
measurements by such means as equation (4) requires consideration of extraneous
signals. In particular, one cannot be certain that all the airplane motion
effects are eliminated, especially the very-low-frequency and d-c components
which might result in spurious gust velocities. The problem is to determine
what effect possible residual motion can have oOn the deduction of such param-
eters as turbulence scale. This problem is examined to some extent in this
appendix.

Consider that the turbulence-velocity time history established by equa-
tion (L) is represented by the equation:

we(t) = w(t) + e(t) (c1)
where w(t) is the time history of the vertical gust velocities that would be
obtained if they could be measured perfectly (the uncontaminated values) and

e(t) 1is the spurious gust velocity due to residual motion.

If w and e are uncorrelated, the autocorrelation function for Wr is

Rp(T) R(r) + Re(r) (c2)

while the spectrum is

It

2,.(0) = o(Q) + (%) (c3)

where the independent variable is distance instead of time. Obviously, the
derivation of parameters, such as the scale of turbulence, depends on the nature
of Re(r) or on the distribution of power in 0.(0).

To establish possible effects, a specific type of error ¢ will be con-
sidered in the remainder of the treatment. The waves that can be seen in the
correlation function shown in figure 11 suggest that the turbulence-velocity
deductions may contain a small periodic component, which might result, for
example, if traces of short-period motion remain in the final time history.
Thus, specifically assume

e(Vt) = a sin QgVt (ch)

For this case, equations (c2) and (C3) become
a2
Rp(r) = R(r) + — cos Qor (c5)
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o.(0) = a(Q) + %E 6(9 + QO) + %? 6(9 - Q) (c6)

where the symbol & 1s a Dirac delta function.

Tf the scale is deduced from equation (¢5) in accordance with equa-
tion (11), the following equations result:

- L R(x) 4, _ R0 ] Rp(r) 52 . }
L =2 k/; =(0) dr = ) {% k/; 7.(0) dr - 56§;(57 sin Qgrq| = 0.74b61T1

(ct)

Graphically, this equation appears as

L (correct)

e 1, (if deduced from

Rr(r))

r I'l
Sketech 1

where the solid curve refers to the integral on the left of equation (¢7) and
the dotted curve to the integral inside the brackets, the dash-dot curve repre-
sents the net quantity contained in the brackets. From this sketch and equa-
tion (C7), to a first approximation, the uncontaminated value of L 1s glven by

R, (0)

L = —— L
R(0)

(c8)

where Lpr 1is the scale value as deduced directly from the derived or impure

vertical velocities; the ratio in this equation is found from equation (C5)
to be

Rp(0) _ 1 L
R(0) = 5 i; (c9)
~ 2r(0)

as will be used subsequently.

69



In contrast, if the scale is deduced from equation (Cc6) in accordance with
equation (16), consider the following: Graphically the spectral functions of
the assumed sinusoidal error signal e appear as follows in sketch 2(a):

9,(9)

ol . -

(@)
b

o

0

Sketch 2(a)

0e(9)
/N
VN
/ AN
A AN o
e 3§ \\\\ Ay ISR %T
J \ 2/
P A@\L N

L———— WA ————4

Sketch 2(b)

sketch 2(a) depicts the Dirac delta functions that apply theoretically. In a
numerical analysis, however, these Diracs would be "smeared" out since they,
as well as the main spectrum ®(Q), would effectively pass through the filter
shown in figure 25; the result would be more like the pattern shown in

sketch 2(b). The actual filter shape 1s nearly triangular and has minor lobes
put is approximated here for convenience by the single triangles shown. The
presence of this error spectrum, of course, influences the mean-square values
of velocity that are deduced. Specifically, the overall mean-square value
would appear

@ =02+ 2 (Cc10)
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If the lower truncation frequency 7 is higher than the frequency 0>

then the mean-square value obtained from the record would be

> 2
0]y =01 * oA (c11)

where
Al = EEE_ - Ql — QO)]
8 2/0

and where oy and 0p &re the overall and truncated rms values that would be

obtained if the record contained no residual errors.

TIn accordance with equation (16), it follows that from the deduced Lr,
the corrected L would be given by

3
Oi,r
which from equations (C10) and (C11) may be written

2 /P

2
20
L = W’Ié LI' (012)
2Al O’w,r
2 2
Gw,r Gl,r

1 -

To illustrate the possible effects on scale deduction, consider the case
of the spectrum function in figure 10, and the associated correlation function

in figure 11 {note, in the terminology of this appendix, figure 11 represents

R,(r) R(r)
Rr(O)’ not of §(67 . Assume that the distortion shown in the corre-

lation curve is due to an error of the type given by equation (05); the fre-
quency o 1is sbout 0.0016, and the use of the equations in the range where

R..\Tr
r( ) and B&El should be near zZero indicates that -——25——
R(0) Rr(0) 2R..(0)

of 0.02 to 0.04. With this value for Qp, which happens to coincide with &3
used in the computations, the filtered error spectrum would appear

a plot of

is in the range
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/
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/ o0k
/
Q
0y = Sip = &0 = 0.0016
Sketch 3

From sketch 3, Aj 1is seen to be ag/é; equation (C12) thus becomes

2 5/2
a
1 -
202
L= : Ly (c13)
o o2
1 . 2 w,T
2
hoy,r 91,r
o
For the case considered, Y, — 2.41, values of scale as deduced by equa-
1l,r
tions (C8) and (Cl3) are given in the following table for various assumptions
2
of 2 (note, 05 r = Rr(0)>. The values of Ly are those given in the
205 r ?

table included in the section entitled "The Evaluation of L."

Corrected scale, L, ft
a2
552 From correlation (eq. (C8)) From spectrum (eq. (c13))
e with Ly = 5,720 with L = 5,550
0.02 5,840 5,890
.03 5,900 6,080
.Ok 5,960 6,280

This analysis indicates that if a periodic error signal is present in the
deduced vertical gust velocities, the correct scale of the turbulence may
actually be larger than the scale value derived from the impure signal, con-
trary to what might be expected. Whether fortuitous or not, it is seen that
the corrections derived herein lead to better agreement between the values of
scale derived from the correlation and spectrum function.
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The presence of a low-frequency periodic component in the evaluated gust
velocities is not certain. If such a residual component does exist, a marked
deterioration of the coherency function (see appendix D and table IIL) in the
neighborhocod of § = 0 would result. This reduction has been observed in some
analyses (see ref. 4). The analysis in this appendix shows, however, that even
if a periodic error of the type assumed 1s present in the vertical-velocity
values, there is negligible influence on the evaluated scale of turbulence.
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APPENDIX D

ACQUISITION AND I NTERPRETATTON OF DATA

BASED ON POWER SPECTRAL TECHNIQUES

Introduction

This appendlX deals mainly with the analysis of linear systems which are
in a random-process environment. The aim is TO outline the ma jor considera-
tions that are involved, first, in the design and conduct OF experiments with

a system in this environment, and second, in the analysis and interpretation

of the acquired data. The subject matter has an excepbionally wide scope and
has entered into many fields; although 1t dates back many years, widespread
application in the seronautical and aerospace fields is relatively recent. The
first six sections of the pbibliography are representative of notable contribu~
tions in these fields; references 1 and 2, specifically, are summaries which
show some of the maln applications to airplane dynamics. Reference 25, in
particular, gives an overall consideration of the application of statistics to
the flight—vehicle problem. Although it does not delineate the turbulence char-
acteristics of the atmosphere Or the behavior of the airframe systems, it is a
comprehensiVe compendious report on PoOWwer spectrum concepts. This appendiX
presents & review of the main aspects of random-process phenomena. and analysis
which includes gome detalls that might be helpful s© that the individual mainly
interested in application can grasp the general procedure and appreciate the
significance of the various steps.

Objectives of Experiment
Random-process experiments may pbe divided pasically into two broad areas
(1) Laboratory experiments

(2) Field experiments; for example, flight tests

and, with each of these, the data-collection procedure may be classified in
two categories

(a) Establishment of a single time-history record which is to be analyzed
by itself

() Establishment of & set or ensemble Of records (as in the consideration
of a number of segments of a long time history or as obtained in
repeated tests analogous to the situation of a series of coin

tosses).

Tpn the following discussion, attention will be restricted mainly to the
flight experiments and to the establishment and analysis of single time-history
records .
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Consider that the flight vehicle system that is undergoing a random
foreed-excitation test is represented by the following schematic:

nq(t) o >xl'(t)
x7(t) > Hy vy (t)
\\ N OS M—_—
PRI R A0
no(t)

The main input and output of concern are Xl(t) and yl(t), respectively. 1In
measuring the input x,, noise nl(t) enters and gives x;'(t). Another input
x5(t), which is not really known, may enter and give an output yg(t) which

adds to yl(t) and cannot be separated. Further, the measurement of y(t)
may be contaminated by another noise source n,(t) to yield yv'(t).

In making a test or repeated tests with the system, the final use of the
data is an important consideration; the data may be used to:

(1) Establish dynamic environment for system
(2) Verify predictions
(3) Study fatigue
(4) Investigate human comfort
(5) Study any combination of items (1) to (%)
Specific objectives of items (1) and (2) are as follows:
(a) Given Hy and y'(t), deduce the nature of x(t)
(b) Given x;' and H;, deduce the nature of y,(t)
(¢) Given x7' and y'(t), deduce Hj
The material that follows deals with the interpretation of these specific

problems from a statistical point of view considering that extraneous signal
sources are present. '
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FTlements of Problem

Environment .- Take as an example the responses of jet-powered airplanes.
Consider, first, the environment and list what is known about it. Tables IV
and V give dynamic-loads input and vibration-source information of the type
that might be listed. This information provides a qualitative description of
the excitation forces that are involved, and hence gilves an indication of what
the loads or strmictural-excitation problems might be. For jet noise and
boundary-layer turbulence, the concern will be primarily structural panels,
fastenings, and possibly instrument behavior. For gust loads, overall struc-
tural integrity is of concern and involves the climb, cruise, and descent por-
tions of flight. For space-flight vehicles an analogous listing may be made
to indicate the nature of the forcing functions that must be considered, meas-
ured, and analyzed. 1In any case€ the first step is to define the excitation as
to the source, frequency content, severity, and dquration so that the effects
on the system can be considered in the light of this excitation.

System.- Tt is necessary to identify the areas OT parts of the structure
that are likely to be affected by the environment. One should be familiar

with the response characteristics, particularly the natural freguencies, modes,
and associated damping, and how the excitation 1s applied - whether by direct
impingement or by structurally borne excitation. In general, the interest 1is
in those modes which fall within the frequency spectrum of the input excitation
and in whether the physical mechanism exists for exciting these modes; the
latter point is often elusive. Modes often have frequencies which fall well
within the frequency content of the excitation but are not excited because of
large damping, Or an averaging-out of the input forces, or their excitation may
be secondary to other modes. A main objective of many experiments 1is to find
out just what modes are excited.

Instrumentation.- One may distinguish two types of instrumentation - that
used in the tests to measure and record, and that used in the subsequent anal-
ysis of the test records.

The measuring equipment used depends, of course, On the test objective and
for flight vehicles includes such items as pressure gages, strain gages,
accelerometers, position indicators, gyros, and flow-direction vanes. Data are
collected by two basic schemes: (1) onboard recording using recording oscillo-
graphs Or magnetic tapes, and (2) remote recording using telemetering techniques.
In general, the telemetering of data imposes a greater restriction on the fre-
guency range, dynamic range, and the number of sensors than the direct-
recording method.

Data analysis may be digital or analog or a combination of the two.
Digital analysis has been greatly facilitated by the modern high-speed computers.
Analog analysis involves the use of a wide variety of common and special or
unique instruments. This equipment includes voltmeters (including many Ims
instruments having various time constants and frequency responses), random-
noise and sine-wave generators, band-pass filters, squaring circuits, spectrum
analyzers, and probability density analyzers. Because the unique instruments
such as spectrum analyzers and probability density analyzers are not generally
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available, most of the discussion in this appendix will be slanted toward the
digital-computing approach.

Whether for recording or analyzing, consideration should be given to the
pertinent characteristics of the various instruments, such as range, frequency
response, linearity, sensitivity, temperature sensitivity, and transverse
sensitivity.

These characteristics are of concern, first, from the viewpoint of making
certain that the transducers and recorders are selected with care so that they
cover adequately the frequency range of the structure and of the forcing inputs
as well as the expected amplitude ranges, and second, to appreciate fully the
measuring and reading errors so that the effect of these errors on data inter-
pretation can be assessed. As an example of one means for assessing the effect
of instrument errors on results, see the study contained in reference kL.

Record evaluation considerations.- This section indicates briefly the
steps that are involved in a record evaluation procedure.

Data analysis is divided logically into the two categories: (1) analysis
of the statistical properties of a single time history and (2) analysis of the
statistical properties of a collection of records.

Figures 26 and 27 are reproductions of the general procedure recommended
in reference 25 for analyzing individual vibration records. Each step is
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Figure 26.~ Recommended procedure for analyzing individual vibration records (from ref. 25).

78



————-—-I Self-nonstationary ]
——————ol Weakly self-stationary I

]
I Strongly self-stationary J

Single
record

____.{ Nonstationary ]
—-——o{ Weakly stationary l—-{ Weakly ergodic
3

F
Strongly stationary Weakly ergedic
[ gly - y o
strongly stationary

Ensemble
of
records

——cl Strongly ergodic

Figure 27.- Categories for single records and
ensembles (from ref. 25).

discussed rather fully in this reference. Since the chief
concern herein is random phenomena, main interest in the
diagram is from block F (fig. 26) on, and subsequent dis-
cussion in this appendix will provide some insight as to what
is involved in analytical procedures for executing these
steps. It is remarked however, that an invaluable step in
the overall procedure is the "quick-look analysis" indicated
by Step D, whether by oscilloscope presentation or by visual
inspection of the records.

Figures 27 to 29 indicate the general procedure recom-
mended in reference 25 for handling a set or ensemble of
records. A discussion of each step with the associate sta-
tistical mathematics is also given. Of fundamental impor-
tance in the consideration of repeated experiments and ran-
dom sampling is the data-collection process. Of concern are
the concepts of acceptance or rejection of records, the
appearance of unexpected events, the number of samples
required, and the consistency by which experiments are
repeated involving, for example, the use of the same pilot,
the conduction of flights in different weather, the use of
different airplanes of the same type, the variability during
any one flight, and the use of different missions.

Aside from determining the actual statistics of the
process being investigated, much of the analysis may be con-
cerned with ascertaining only the nature of the process,
such as (1) randomness, (2) stationarity, (3) normality,

(4) ergodicity, and whether the estimates are unbiased and
consistent.

Fundamental in the analysis of any record or group of
records is the consideration of the errors and noise in the
entire system. These errors may be classed in two groups:
(a) statistical estimation errors and (b) equipment errors.
The basic aspects of statistical sampling such as the length
of the record, the frequency content, and the intended use
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G.
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2. Range of
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Figure 28.-
Recommended
procedure for
selection of
sampling
scheme (from
ref. 25).
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Figure 29.- Recommended procedure tor analyzing collection of vibratlion records (from ref. 25).

of the data are discussed in some detail in the following section. In addition,
some detalls of the equipment errors such as instrument errors, extraneous sig-
nal errors, and computational errors are also considered.

Procedures and Statistical Reliability

The following discussion proceeds on the basis that the process under con-
sideration has been established as random Gaussian, and at least weakly sta-

tionary, and covers some of the mathematical techniques indicated in the blocks
following block E in figure 26.

Mathematical representation.- Table I gives a summary of the equations
that are involved in the analytic treatment of random time-history functions.
Generalized harmonic analysis is the basic technique involved. For comparative

purposes analogous equations that appear in the more commonly known analysis
techniques are also shown.

Two basic principles underlie the generalized harmonic or power spectral
approach
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(1) That a concise picture of the nature of the random process being
analyzed is obtained by representation in the frequency plane

(2) That quantities relating to the statistical characteristics of the
time history are directly obtainable from this frequency-plane representation.

For principle (2) the columns pertaining to statistical information are also
included in table I.

+ Input-output relations.- Tables II, VI, and VII indicate the basic input-
output relations that are involved in power spectral treatment. Table VI gives
the fundamental equations and, for comparison, shows the analogous equations
that pertain to other basic techniques. Table II illustrates the input-output
relations in application to gust loads on aircraft. One of the details brought
out by the table is that the frequency scale may be expressed in various terms
depending on the particular phenomenon under investigation. For the atmospheric
gust problem, it is usually most convenient to make use of a spatial frequency
defined in terms of sinusoidal wavelengths as shown, that is, QO = En/k. This
is in accord with Taylor's hypothesis. Three basic frequency arguments may be
used:  the circular frequency, f the frequency in cycles per second, and
the frequency in radians per foot. (Another parameter, the reduced frequency
k = wc/2V as used in flutter may alsc be used.) These frequencies and asso-
ciated power spectra are related as follows:

w=2rf =VQ =V %?
® =L o(r) =L
(w) - (£) V<1>(S2)

Table VII shows a summary of the input-output situation with respect to a
single-degree-of-freedom system for inputs having various characteristics.

Factors in practical evaluation and statistical interpretation of power
spectra.- From a practical point of view it is not possible to analyze random
time histories in strict accord with the governing equations. In general, the
determined spectral values are altered statistical estimates of actual values;
the extent of the alteration and the statistical reliability are dependent on-
the reduction process used - whether digital or analog. Fundamental in this
consideration are the length of the record and the method by which the record
is processed. The following discussion is intended to give some insight to the
nature of the distortion and the quality of the estimates that are obtained.
The discussion applies mainly to a digital approach, but similar considerations
apply to the analog case.

The three parts of figure 25 (see P. 71) illustrate some of the main con-
sequences of practical analysis. Most of the aspects should become evident by
studying the sketches, by a comparison with the exact mathematical expression
in table I and by referring to appendix E. The following explanatory comments
are offered to pinpoint additional salient points:
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Prewhitening:

With reference to lower sketch of figure 25(c), consider that the main lobe
of the filter of the "spectral window" is placed at w, as in the determina-
tion of the spectral estimate at this frequency. Also assume that the spectrum
has very large power at low frequencies, as is often the case, even though the
time history is expressed in terms of zero mean values. Then the side lobes
of the filter, even though designed to be small by weighting of the correlation
function, permit the power at the low frequency to leak or diffuse causing con-
tamination or distortion of the power estimate being determined. This leaking
1s avoided in large part by first prewhitening the time-history data so that
the power is distributed more evenly. Spectral estimates are then made of the
prewhitened data, after which a postdarkening operation is performed to compen-
sate for the initial prewhitening. The numerical procedure for prewhitening,
making spectral estimates, and postdarkening is given in appendix E.

Aliasing:

Figure 25(c) shows that interval sampling of records leads to a spectral
window with images. Spectrum estimates being made at a frequency w therefore
become distorted since these images permit a transfer of the spectrum power
present at frequencies w * 2wpy, o * Mno « « oo This phenomenon is known as

"aliasing." It may be described in another way by reference to the following

sketch:
W r—(l)+2[bo

e

At the sampling interval of e indicated in the sketch, it is not possible to
distinguish whether the wave with frequency w or the wave with frequency
w + ano =w + 2ﬂ/€ is present. The frequency wg 1s commonly called the

Nyquist frequency.

The problem is avoided in practice by selecting a frequency wg such that

ostensibly there is negligible power above this value, and then by determining
the sampling interval according to the relation

This equation evolves from a communication-sampling theorem which states that
sampling with this interval will resolve frequencies up to ag- The choice may

not always be practicable, however, and in such event, consideration must
instead be given to the removal of the power at the higher frequencies either
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by rejection in the measuring instruments or by filtering the recorded
measurements.

Frequency resolution:

The filters indicated in figure 25 also cause a "smearing" of the spectrum
estimates so that at best the estimates derived represent an average value over
the effective bandwidth of the filter, which for the nearly triangular-shaped
filter shown is approximately half the base width. The frequency resolution
is this bandwidth (Eﬂ/Tmax) - that is, independent spectral estimates cannot
be made for frequencies spaced closer than Eﬂ/Tmax' The figure shows that the
filter width may be decreased by increasing w5, = me, which means increasing
the number of correlation-function estimates. However, this increase will
decrease statistical reliability, as discussed subsequently.

Coherency:

In block TE of table I, the equation

!q)xy(‘”)lg

2(p) o L1
) = @

defines the coherency function 72(w), which is a measure of the degree to which

the x and y processes are linearly related. If the two processes are in :
perfect linear relation, 72 is unity for all values of w; if they are lin-
early independent or incoherent, 7y~ = O. TFor a partially linearly related
process, as is the case when extraneous noise is present, 72 will be between

1 and O.

If the spectral input-output relations shown in table VI are substituted
in this equation, the coherency function becomes

£ (0)]

73(w) = 5
[Be (@)
where H. indicates the frequency-response function derived by use of the
cross-spectrum equation, and Hg the frequency-response function derived from
the equation involving power spectrum only. Consider this equation in light of
the experimental objectives mentioned at the beginning of this appendix. If
He and Hg are determined from the experiment and yield a 72 value of

appreciably less than one, then a danger signal is provided which indicates
that either one or both of the estimates are unreliable. In general, reduc-
tions in coherency reflect a loss of reliability in two distinct ways, namely
(see fig. 30):
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(1) A possible distortion in the esti-
mates of the frequency-response function
from its true value

(2) A reduction in the statistical
reliability as measured by the width of the
associated confidence bands.

(a) Possible distortion of frequency-

response function. The basic mechanism leading to distor-
tion is the presence of extraneous '"noise"
- signals, such as pilot-control motions,

\ 90% CONFIDENCE BANDS instrumentation limitations, random errors
~ I's

[Heth)] ! ‘\\\J/V\fﬁj:::;;> in record reading, round-off errors, and
‘ / the effects of other gust components such
7% | as side gusts (see system sketch in section
0 3 entitled "Experimental Objectives" in this

appendix). The nature of the distortion
depends, of course, on the character of the

(b) Reduced statistical reliability. noise and whether it affects the input or

Figure 30.- Effects of reduction in output signals. Several types of noise are
coherency on frequency-response examined in reference 4 to determine their
functions. effects on the coherency function and to

establish how these noises distort spectral

estimates or frequency-response evaluation;
table IIT summarizes some of the results. It should be noted that for the
speclal case of noises which are incoherent (unrelated) to the input or output
signals (which fortunately appears to be the case in practice), the results are
particularly simple.

A significant point to mention is that in some cases when the nature of
the noise is known, corrections for the distortion are possible; the last column
of table III lists the appropriate expressions for making these corrections.

A recovery of uncontaminated estimates of the frequency-response function may
then be feasible.

With respect to statistical reliability, losses in general cannot be
recovered. The following section indicates the interrelation between coherency
and statistical reliability.

Statistical reliability:

In consideration of the statistical reliability, assume that the experiment
has been repeated many times. From the power spectrum estimates that are eval-
uated, a probability density distribution may be formed at any given frequency
as shown in figure 31. The itemized information in this figure applies to an
assumed normal or Gaussian distribution. Based on this assumption the results
of reference 26 indicate that the spread of the distribution, as measured by o%
(see item 1 in fig. 31), depends on the length of the record and the effective™
bandwidth of the filter (or 2n/Tp,yx in fig. 25(a)), or alternatively on n

and m, the number of time-history readings and the number of correlation-lag
times. The confidence band within which the average value may be expected to
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p(@)

1. Values of @3 at w = wj have a standard deviation o3
given by

i

-1/2
L= [%t(length of record)(&n)]

(%>1/2 i (I%%§>1/2

2, Based on normal distribution, average value of @; may be
expected to fall within the confidence band defined by

(=2

It

o5 *+ koj

with probabilities as follows

Probability
k level

0.68
.90
-95
.99

QO

.0
.6
.9
-5

N

%. For given values of % and for probability set by Kk,

e <<ty

or, as indicated below with K = 20 the statistical
m

2
degrees of freedom,

95 % confidence
—— 90% confidence

1 (1 M

o 1 16 102 102 1ot 1®

Figure 31.- Statisticel reliability of
spectrum estimates.
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£51]1 with a given level of probability is indicated in general terms in item 2
of figure 31. From items 1 and 2, item 3 gives the confidence limits of the
guantity Qm/Qav: where @&y refers to a measured value of the power spectrum,

and Qgv represents the average of the power for this frequency. The abscissa
'2n/m of the graph in item 3 denotes the number of statistical degrees of free-
dom. As an example of the use of this plot, assume 2n/m = 100; then for
95-percent confidence

= 1.2T1%yv > ®n

—~
+
<l|—‘
e
ol |\O
(0)
\_/
g;e‘
<

i

= 0.723%5y < O

TS
i
}_J
§|.
OIND
(o)
~—
me
<
1

or
1.380m > Pgy > 0.78%n

That is, the average power can be expected to be between 0.78¢, and 1.38¢p
with a probability of 95 percent.

The statistical reliability of frequency response (Ho(w) or H (w)
c s

derived from spectra of Gaussian processes depends on n and m as presented
in the preceeding discussion and also on the caherency function 72(m) between
the measured input and output responses if noise is present (ref. 27). The
effect of these quantities can be expressed in terms of a range of values
within which the average OT most probable value of the response Hw) will
£all with a given confidence level. Figure 32, taken from reference 4, gives
the 90-percent confidence bands for the quantity

1) | - |5
[()]

which is the percent error in the amplitude of the frequency-response function,
and for the quantity Ep, the error in the phase angle. As an example of their

application, for n = 1,000, m = 60, and y2 = 0.90, the percent error Ej
in the amplitude is *15 percent. Thus,

|Hc(‘°)| - |H(‘D)|
| E(w) |

with a probability of 90 percent. From this equation, it follows that the
associated 90-percent confidence band for the true value of the amplitude of
the frequency-response function H(w) is given by

-0.15 < < 0.15
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0.87[He(w) | < [B(w)] < 1.27 "Hc(w)I

The error in phase E, for this example is Ep = #0.15. Thus the confidence

band for phase angle is given by the interval defined by the measured phase
angle plus and minus 0.15 radian.

6

o 72 = 0.25 72 = 0.50 ¥ = 0.75 72 = 0.90

— 100 \ -

o N | )

5 .

; |z |
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o
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§
g 72 = 0.25 42 = 0.50 42 = 0.75 ¥2 = 0.90
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o
] m
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o
B (b) Phase: confidence interval = phase angle * Eo.

Figure 32.- Ninety-percent confidence intervals for amplitude and phase of estimates of frequency-
response function for various values of coherency.

Procedure for selecting n and m.- Based on the information contained
in the foregoing sections and for convenience in the planning of experiments,
the following procedure 1s suggested, where digital analysis of the data is
assumed (see also appendix E):

(1) Choose up so as to have negligible power outside of wp; this fixes
the time-history sampling interval as

(2) Assume a practical and desirable record length Ty, then the total num-
ber of time~history values is
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(3) Consider frequency resolution Aw; it is determined by computational
filter-band width which is effectively one-half the base width, or

me

Tmax

where Tpgax 1s maximum correlation-function shift. To have good frequency
resolution, m ought to be large (m = n being the best)

(4) However, for statistical reliability, the number of statistical degrees
of freedom defined by

K = %? for interval sampling

eTy,
K = ——— for continuous sampling

Tma.x

should be large. (See figs. 31 and 32.) Therefore, for good statistical reli-
ability, m ought to be small.

(5) Compromise between (3) and (4). As a guide, the numbers which have
been commonly used with success for gust spectra and which do not involve
excessive computation labor are: n from 1,500 to 4,000 and m from 40 to 60.
(Note, with n = 3,000 and m = 40, the number of statistical degrees of free-
dom is 150.)

(6) If T;, is arbitrarily large, then the situation is more flexible; it

ig possible then to attain arbitrarily high resolution as well as good sta-~
tistical reliability. After establishing wp and €, choose m to give a
desired (but reasonable) frequency resolution. Thus choose a desired K, the
number of statistical degrees of freedom. Now determine n = mK/2. Then
establish the necessary record length T = ne (the chief concern in this

procedure is that n and Ty, do not become so large that excessive analysis
time is required and that stationarity of the process is not invalidated).

Postexperiment analysis.- The analysis procedure to be followed after the
experiment has been conducted depends, of course, on the objective of the exper-
iment. On the assumption that the experiment was conducted to determine the
frequency-response function of the system, the following basic steps are
involved:

1. Bstablish input and output time histories from measured quantities.

2. Evaluate power spectra of both the input and the output and the cross
spectrum of the input and output, as outlined in appendix E.

3. Determine IHS(w),2 and He(w) from equations shown in table IIT or
table VI.
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4, Determine coherency function 72(w), table I or table IIT.

2
5. If coherency 72 is near unity, estimates of ‘Hs(w)l and Ho(w)
may be considered satisfactory and reliable.

6. If coherency 72 is appreciably less than unity, consult figure 32 to
determine statistical reliability.

7. If reliability is Jjudged not satisfactory, examine experimental proce-
dure, recording instruments, adequacy of record length, and record reading in
detail to try to ascertain whether distortions arise primarily from (a) noise
in the input, (b) noise'in the output, or (c) from a secondary input. If one
of these three cases seems evident, then uncontaminated estimates of the
frequency-response function may be obtained by use of the appropriate equation
in the last column of table III:

8. If sources of error and distortion cannot be located, try to make a
better experiment.
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APPENDIX E
DETERMINATTION OF POWER SPECTRA AND CROSS SPECTRA BY DIGITAIL METHOD

The procedure for determining the power spectrum of vertical gust velocity,
for example, from n equally spaced readings for increments of time At = ¢,
is as follows. First, estimate the frequency gy above which there should be

negligible power and then determine the sampling interval as a convenient value
near that given by the relation e = ﬂ/&o- (For vertical gust velocity, exper-

ience has shown the Qp = 0.1 1s near the upper value of concern; this would
indicate an € = @/VQO = ﬂ/b.lV for this case.) Then perform the following

steps:

For Spectrum Determination

Step l.- Determine time history of Vg with zero mean for equally spaced
intervals

wg = V(ay - Gy) - V(8 - é')‘ + fot(az - 8g)dt + wy + zx<é - é:)

where wp 1s the initial value of alrplane vertical velocity.

Step 2.- Prewhiten values of Vg (response spectra usually do not bene-
fit from prewhitening)

(L) = wg(t) - wg(t - €)
(see ref. L4).

Step 3.- Estimate values of autocorrelation function ﬁé(T) for m+ 1

evenly spaced values of T from O to me by numerically integrating

~ 1 TL—T
Ra(T) = 7= f #(t)W(t + T)at
W Ty, - 1 0
n-p
"‘A _ 1 A A _
that is Rip = oo Z Voo (p=0,1, . . . m)
=1

[

L

L
where n = <> P==—, and q = =

Step 4. - Obtain raw estimates of the spectral power by numerical evalua-
tion of the Fourier transform of the autocorrelation function
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2€ £ h
Ip = — }; apRy p cos f.px (h =0, 1, . . . m)
p=0
where
h = &0
wQ
1
ap = % (» = 0, m)
a'p=l (p;éo,m)
Step 5.~ Obtain smoothed estimates of power of Gg (from ref. 1)
1 1
®O=§LO+§L1 (h=0)
1 1 1
oy = & Ip + 5 In + n Lyl (L$hsSm-1)
1 1
o = 5 Ip-a * 5 I (h = m)

Step 6.- Postdarken smoothed estimates of power to obtain final estimate
of power spectrum of wg

o
h rth h
Bulw) = i -2-2 o)
2|1 - cos —

m
For Cross-Spectrum Determination

Step 1.- Determine time histories with zero mean for equally spaced
readings for both input wg and output y, as in the spectrum determination.

Step 2.- Prewhiten input time history (see step 2 above) to give .

Step 3.- Estimate values of cross-correlation function ﬁﬁy(T) for both

positive and negative lags. (See step 3 above.)

n-p

~ 1
My,p =a - >: fa¥qup (p=-m ~(m-2), - om)
q=1
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Step .~ Obtain raw estimates of the co-spectrum and quadrature spectrum

m
- Z ap[Fay(2) + Fay(-p)) cos ZX  (n -0, 1, . . . m)

p=0

ml
G- % ) wpleyl) - Fy(alem B (=0, 3, . . . w)

p=0

where

ap =% (P = 0, m)
ap = 1 (p ié 0, m)

Step 5.- Obtain smoothed values ®§y(w) of prewhitened cross-spectrum
estimates as in step 5 for single spectrum.

Step 6.- Postdarken @Qy(w)

O
o () - somh b
wy .7th em m 0
l——
1 -e @
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APPENDIX F
ANATOG EQUIPMENT FOR ANALYZING RANDOM FUNCTIONS

Listed in this appendix are sketches of some of the analog equipment used
in random-process analysis. Schematics for determining the following are shown:

(a) Power spectrum

(b) Cross spectrum

(c) Mean-square value (variance)
(d) Probability density

A brief analysis is made of the power spectrum analog to indicate the nature of
its functions.

Determination of Power Spectrum

From an analog computer standpoint, the power-spectral-density function
®y(w) associated with a single random function y(t) is defined as the lim-

iting value of the mean-square value of the signal which comes from passing the
signal through an ideal bandpass filter with center frequency w, divided by
the bandwidth 4w, as the bandwidth approaches zero. Accordingly, analog
equipment for power-spectrum determination is usually built as illustrated in
the following diasgram:

Mﬁﬁ/hmfkwv Tunable narrowband Squarer,

™ . > integrator e ()
filt ? w
y(t) LLber ye(t) and averager

(rms meter)

As a result of the filter

ye(t) = fm y()n(t - 7)ar (1)

-CO

where h(t) is the filter response to a unit impulse. From equation (F1l), the
power spectrum of y and yr must be related as follows (see table VI):

oy (@) = Qy(w),H(w)lg (F2)
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where H(w) is the frequency-response function of the filter for unit sinus-
oidal input and is given by

Hw) = foo n(t)e tgt (F3)

The filter is selected so as to reject frequencies except in a bandwidth
defined by

Lo = wp - Wy
where oy and wy define the frequency limits of the band which, for practical

filters, usually correspond to the points on the frequency-response curve of the
filter where the response is 3 decibels below the maximum.

For a true rms meter, the reading would be

1/2
V;?= E%LT yfg(t)dg (¥1)

In terms of the spectral functions, however, the reading may be expressed as

V'srf:§=m fpy,f(w)am} {fo day(m)ln(w)lga% (¥5)

FTor an idealized rectangular filter of bandwidth /Aw and a gradually varying
spectrum, this operation indicates the following relation between the true power
spectrum and the meter reading

1/2

2

foy(@) = L2 (v6)

where ®y(w) denotes the power spectrum at the center frequency of the filter.

El

Equation (F6) is reasonably true in practice. Thus, adjustment of the meter
reading to take into account the bandwidth of the filter yields the estimate of
the power spectrum.

Tt may be of interest to mention that equation (F6) is significant in
noise studies, since nolse-pressure data are presented in the literature for
various filter bandwidths such as octave bands (wp twice wl), half-octave
bands, third-octave bands, etc. It is frequently desirable, for purposes of
comparison, to convert data obtained for a given bandwidth to a unit bandwidth,
and thus establish an approximation to the square root of the power spectrum.
When the square root of the power spectrum is plotted on a decibel scale, it is
referred to as a spectrum-level plot.
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Many meters are avallable for indicating the true root-mean-square value
of any type of wave; however, they are not always suitable for field use. Many
meters, used particularly in noise measurements, are basically rectified average
types and are calibrated to give a true rms reading only for pure sine waves.
It may be of interest to show the extent of the error in reading that results
when an averaging meter is used instead of a true rms meter. In terms of the
probability-density-distribution function p(y) of the random signal, the fol-
lowing relations exist:

¥2 = o° = JF yep(y)ay (F7)
ly(t)‘ = Jf |y |p(y)dy (¥8)
Then for a signal having Gaussian distribution,
_¥E
1 202
p(y) = e (F9)
o \2r
the following values are found
1/2)
HOIE 0-798<y2>
or (F10)
—\1/2 —_—
<y2> = le251y(t)’ y

Thus, if an averaging meter indicated the true rectified average value of the
signal, the rms value would be 1.25 times as great. The averaging meter, how-
ever, 1s usually calibrated in terms of the rms value for a sinusoidal wave,
that is,

__ /2

()
Therefore, the actual rms value of the random Gaussian signal is greater than
the reading given by the usual averaging meter by a factor 1025/1.11 which is

approximately 1.125, thus indicating only a 12-percent error which is equivalent
to about 1 decibel.

= 1.11’§(€Y’

Cross-Spectrum Analyzer

A cross-~spectrum analyzer has a schematic arrangement as follows:



Tunable narrowband Multlpller,
integrator,

x(t)— filter centered at > —~>cxy(a%T,Aw)

: and
w, (bandwidth Aw) J » averager

Record length T

Tunable narrowband 90° phase Muizlpiiii’
y(t)— filter centered at shifting > 1nd er ’-——>qu(w,T,Aaﬂ
w, (bandwidth Aw) network an
averager

Mean-Square Measurement

Mean-square determination involves the use of the following type of
circuit:

Squaring o Integrator
y(e) o oircuit [—v2(t) -+ and | - 2(t) = o2
averager

Probability-Density Analyzer

The probability-density function for a stationary random signal may be
estimated as shown in the following sketeh:

—> Tz —» le— T
EhCH e
vy + Ay
AW
/ \// \/V\/
T
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where

P(y, vy + &y) = &yp(y) = % ZEI T

or

o(y) = E%E; }: Ty

n

~

J

(F11)

Based on equation (F1ll), probability-density analyzers have a schematic arrange-

ment as follows:

y(t) Voltage Gate
(yl’ yp t Ay)

9

Clock

Clock

D - Ei n
ivision Ny
P(Yl) by T n

)

n

Division

by Ay
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TABLE II.- INPUT-OUTPUT. RELATTIONS FOR GUST RESPONSE
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ML sxi(s) = x(8) + a(t) eyle) Rele) = 3 (u) + o (w) (0) = 75 Hole
Noise in measured output:
x(t) ¥'(E) = ¥(6) + n() ox(w) [Es(o) | ———Tq’y(“’) - tole) 2
B—»y(t) yplw 72(w) = e IH(m) ’ (m)‘
' - 1+ -2
i ) @Xy(“’) bl (w) 2y(w) H(w) = Ho(w)
I~
a(t) ayr(@) = oy(w) + (@) + 2Re E’y”(mﬂ - He(w) = o (w) =+
5] [
Noise in both input and output: g g
¥ g
= [2]>y(e) y1(8) = 3(e) ¢ ngley] Serle) ) Gyl @ B 0] :? || ® = gylw) + ony(w) ;
y(t) 0 s T ox(w) + 0. (@) - Ph
Opryr = @W(w) + @xnz(m) o)+ Onl(w) 7o) O (w)‘w ®n2(m ;:?w()’f is
ng@__)_ [ 5 l(u) [ uncontaminated
+ 0y ylw) + &y p (@) *
oy (%) v "2 2, ()
i——ﬂ—é Hc(w) [P A,
x'(t) = x(t) + ny(t) oy i(w) = oy(w) + on,(w) + ZREEDyng(‘”)] oy (w) + Onl(m)
Additional input:
‘Dxl(ﬂ)) (
O (@) = 0y (@) + By (@) IR IHl(‘“)|2 o) frate | O —r-
() = 3y (8) + yalt) x1¥ pShAY 1Yo - ¢X2(uj,_\ HQ(“’)| Hy(w) = Helw)
oyl@) = by (o) + opy(e) + 2Re[°-‘/1¥2(mﬂ fele) = () Py () |Hl(“’>|2
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TARLE IV.- DYNAMIC LOADS

INPUTS FOR JET AIRPLANE

Flight phases APPTOleaFe Vibration sources Relat%ve
time duration severity
Warmup 1 to 15 min Jet exhaust Medium
Taxi 5 to 15 min Runway roughness; jet Medium
exhaust
Run-up 2 to 20 min Jet exhaust High
Take-~off 1 to 5 min Runway roughness; jet High
exhaust; atmospheric
turbulence
Climb 3 to 30 min Jet exhaust; atmospheric Medium
turbulence, boundary- to
layer turbulence high
Cruise and 1 to 8 hr (might Jet exhaust; atmospheric Medium
mission, include a tran- turbulence, boundary- to
flight sonic region) layer turbulence; high
maneuvers, buffet
ete.
Descent 5 to 15 min Atmospheric turbulence; Medium
boundary-layer
turbulence
Landing gear 1 to 15 min Flap buffet; gusts Medium
down, (atmospheric
flaps down turbulence)
Landing 5 sec to 2 min Impact; runway roughness Medium

(runway or
carrier)




TABLE V.-~ VIBRATION SOURCES

Frequency
range, cps

Most significant

region, cps

Rocket exhaust noilse™:

Near field . . . . . . . . . .

Far field . . . . . . . . .
Turbojet . . « . « + &« & . . .
Boundary-layer turbulence . .

Buffeting and oscillating shockss

Launch vehicles . . . . . . .
Airecraft . . . . . . .
Atmospheric turbulence . . . .

Wind shear . . . . . . . . .

Runway roughness . . . . .

20 to 5,000
10 to 1,000

50 to 10,000
100 to 10,000
1 to 500
5 to 500
0O to 20
0 to 10

0.5 to 30

100 to 1,000
20 to 200

100 to 1,000
500 to 5,000
2 to 200

5 to 50

0 to 10

0 to 5

0.5 to 5

*Depends strongly on rocket engine size; figures are for moder-

ate size.
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TABLE VI.- BASIC INPUT-OUTPUT RELATTIONS

10 N——
L -
£o(t)= = — -] z y(t)
- =
f5(t)
Nature of
Function Technique Representation of input Transfer function Input-output relation ocutput
information
h(t), response due to
unit impulse
d
h(t) = =— A(t)1(t
(8) = & a()1(s) ]
Arbitrary Superposition £(t) y(t) = f f(T)n(t - T)ar Time history
=3, p0)8(t - 0) o
dat
where A(t) is response
to unit step
< imgt ® b > o dmogt
Periodic Fourier series £(t) = E [ Ew) = / h(t)e at y(t) = E H(nwg Jepe Time history
1 * t © Lt
Dissipating | Fourier integral £(t) = = F(w)em’ o A{w) y(t) = gl_,f f H(w)F{w)e ™ aw Time history
oo -
2
| E(w) | oy(w) = [H(w) | op(w)
¥ P £
Generalized oweg spictrgm
and relate
Random harmonic dp(w) = lim ?lﬂ—,fF(a))F(%) and <I>fy(w) = H(w)op(w) statistical
analysis Tow characteristics
B(w) oy(0) = Bw)oyr(a)
From inputs £, £ £, . fn form Hy(w) <]>y(u>) = ¢y (@)Hp(w)H (~0) + ox(w)Hs(w)Ep(~w)
Hg(w) Power spectrum
Several Generalized o1(@), oo(w), 03(“’): .. + o3(w)B3(w)Es(-w) + . . D
Hz(w) and related
random harmonic 3 statistioal
inputs analysis ®10(w), Spz(w),ee-e . + 2Re [0y p(w)H1 (~w)Eg(w) + 0y3(@)y(~w)Bz(0) | SEERE
oy5a), . . + o r aps(e)ip(~w)Es(e) + .. ]
R Hp(w)
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TABLE VII.- INPUT-OUTPUT RELATIONS FOR SINGLE-DEGREE-OF-FREEDOM SYSTEM

If response of continuous structure under loading p(x,y,t) 1is expressed in terms of its
natural modes z;(X,y) as follows
2(x,¥,t) = ay(t)zy + ay(t)z, + aB(t)z5 oo
then equation for individual mode response is
Pi My + Byag +ooy Myay = f p(x,y,t)z; dA
o N
ko= oMy
= £(t) f g(x,y)z; A = Q;f(t), for space-fixed loading
2
where My = f z; “Gm
qr(t) >
Frequency-response function is:
a; Q B B
Hi(w) = I8t , in which ay g = , 7y = L
1 2 1,8 Bs 2 M,
1- “’—2 + iy, & Wi My i,cr i
Wi ®f
L —
. L Several harmonic Random Wide-band spectral input
Function Harmoric input inputs white noise input and
highly tuned system
by sin ant by sin gt + by sin wst ~
£(t) ANANNN, W I A/\ WMWM’\
5 .
el
2p(w) -2 -
wl o [ av] w
as
lH (w) 2 i,st
i | an N 2y

© i

_ 2
by

i T}Hi(wl)

I 2

b, ? s
—Q_IHi(m:L) ' + —

2
Wy af
x 1%, st
I bp(wi )

Loy

*,
The envelope or amplitude variation of this response is approximated closely by the Rayleigh probability-density

distribution p(y) = L e
g2

\

¥

2

2
o .




